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Abstract

We ask when a normal-form game yields a single equilibrium prediction, even if players
can coordinate by delegating play to an intermediary such as a platform or a cartel. Delegation
outcomes are modeled via coarse correlated equilibria (CCE) when the intermediary cannot
punish deviators, and via the set of individually rational correlated profiles (IRCP) when it can.
We characterize games in which the IRCP or the CCE is unique, uncovering a structural link
between these solution concepts. Our analysis also provides new conditions for the unique-
ness of classical correlated and Nash equilibria that do not rely on the existence of dominant
strategies. The resulting equilibria are robust to players’ information about the environment,
payoff perturbations, pre-play communication, equilibrium selection, and learning dynamics.

We apply these results to collusion-proof mechanism design.

1 Introduction

Markets can fail or, more generally, lead to outcomes the regulator did not intend when strate-
gic environments leave too much room for coordination. Sellers form cartels, auction bidders
form rings, and platforms can steer market participants to supracompetitive pricing and surplus-
extraction outcomes. These coordination channels matter because they can dramatically expand
the set of possible outcomes relative to the decentralized Nash benchmark. The familiar problem

of multiple Nash equilibria amplifies once we admit intermediaries that can correlate play and
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discipline deviators. New delegation technologies raise the stakes: delegating economic decisions
to Al agents and platforms makes it feasible to execute contingent plans at scale, and the same
infrastructure that improves matching and pricing can also facilitate tacit coordination.

For analysts and policymakers, the puzzle is therefore not whether coordination can occur,
but when it ceases to matter for prediction and design. If a mechanism, market rule, or regulatory
environment admits a wide range of coordinated outcomes, then evaluation and implementation
become hostage to assumptions about communication protocols, enforcement possibilities, and
equilibrium selection. Conversely, if the underlying strategic interaction admits a single outcome
even under rich coordination, then the designer can rely on a sharp prediction robust to institu-
tions the designer may not observe or control.

In this paper, we propose an approach to this puzzle that is agnostic about the intermediary’s
objective. Rather than modeling a particular cartel agreement, platform algorithm, or communi-

cation protocol, we ask a structural question about the strategic environment itself:

When does a strategic interaction deliver a single equilibrium prediction even if players can

delegate play to an intermediary with substantial coordinating power?

We consider general normal-form games and formalize delegation as an intermediary who is au-
thorized by players to act on their behalf and thus selects a joint distribution over action profiles.
The set of outcomes such an intermediary can sustain depends on its enforcement technology,
that is, its ability to ensure that players continue to delegate their decisions. At one extreme,
the intermediary cannot orchestrate punishment and can only withdraw correlation; delegation
then corresponds to the set of coarse correlated equilibria (CCE) (Hannan, 1957; Moulin and Vial,
1978). At the other extreme, the intermediary can coordinate all non-deviators on an adversarial
response, in the spirit of the individually rational constraint in the folk theorem. Delegation then
corresponds to the set of individually rational correlated profiles (IRCP) (Myerson, 1991, Chapter
6), that is, correlated outcomes that give each player at least what she can guarantee against hostile
play. In contrast with the common perspective treating these sets as permissive benchmarks, we
show that they can collapse to a point in economically relevant environments, and we characterize
exactly when this occurs.

Our first group of results studies the strongest intermediaries. We show that if IRCP is a sin-
gleton, then the implied outcome must be a pure Nash equilibrium. We then provide a complete

characterization (Theorem 3.1): a game has a unique IRCP if and only if, after a positive affine



transformation of utilities, it becomes an enforcement game.

In an enforcement game there is a designated self-enforcing action profile a* with three proper-
ties: (i) each player’s utility at a* is normalized to a common reference level; (ii) each player i can
guarantee at least that level unilaterally by playing 4;; and (iii) 4 is the unique maximizer of utili-
tarian welfare. To see why a” must be a unique IRCP, note that any distribution that places positive
weight away from a* lowers expected welfare; hence some player must fall below the utility that
she can guarantee by playing a; and would reject delegation. Thus in such environments even the
most powerful intermediary cannot sustain any outcome other than a*. The other direction—that
such games exhaust those with unique IRCP—is the essence of the theorem.

The nature of enforcement games is distinct from the dominance condition commonly used
to ensure equilibrium uniqueness. A dominant action profile trivially yields unique Nash, corre-
lated, and coarse correlated equilibria, but it need not yield a unique IRCP: the prisoner’s dilemma
is the canonical counterexample, where a Pareto improvement over the dominant action profile
remains individually rational and thus survives as a delegated outcome. Enforcement games rule
out such improvements not by strengthening incentives pointwise but by creating a negative-sum
externality: once play leaves the self-enforcing profile a*, expected welfare falls below what com-
pliance guarantees each player. From a design perspective, the characterization tells a planner
how to achieve enforcement by targeted payoff modifications (e.g., transfers or fines) that are of-
ten far smaller than those needed to create dominance.

The second set of results studies weak intermediaries that cannot coordinate punishment. We
show that CCE uniqueness has an equally sharp structure. When the unique CCE is pure, it arises
exactly in games that are strategically equivalent to enforcement games (Theorem 4.1). Strategic
equivalence allows player-specific payoff shifts that depend only on others’ actions. Such shifts
preserve action-by-action comparisons relevant for CCE but affect utility levels induced by hostile
play of others and thus are not respected by IRCP. This result yields an unexpected structural link
between our two extremes: a unique CCE is exactly the unique IRCP of a suitably transformed
game. This link provides an easy-to-check criterion for uniqueness of CCE and, from a design
perspective, shows how to modify payoffs to make equilibrium outcomes additionally robust to
increases in the intermediary’s enforcement power.

While our characterization of CCE uniqueness focuses on pure equilibria, we show that allow-
ing mixed outcomes changes little. A unique CCE can be mixed, but only in a near-degenerate

sense: if the CCE is unique and not pure, then exactly two players randomize over two actions



each, and the induced 2 x 2 interaction is of matching-pennies type (Proposition 4.2). Further-
more, in symmetric environments, uniqueness forces purity. Together, these observations suggest
that mixed uniqueness is essentially a two-player artifact, ruled out whenever the environment
exhibits symmetry or lacks a designated pair of players with a special strategic role.

Our results provide a toolkit for designing collusion-proof interactions. The key lesson is that
ruling out coordinated deviations does not require engineering dominant strategies. To make
a target profile a* the unique CCE, it is enough to ensure that any alternative profile generates
sufficiently strong negative externalities. This boils down to checking one inequality, making
uniqueness tractable.

We illustrate this logic in an application to contests, which are a workhorse framework for
rent-seeking, R&D races, litigation, political competition, and sports. In contests, a natural con-
cern is that participants coordinate on low efforts and effectively share the prize. We demonstrate
that such collusion is impossible in a stark sense for broad classes of two-player contests (Propo-
sition 4.1): whenever a contest admits a strict pure Nash equilibrium, that equilibrium is the
unique CCE. We then exploit the characterization to show how canonical forms such as Tullock
can be improved in terms of equilibrium effort and fairness toward low-effort participants, while

preserving uniqueness of CCE.

Roadmap. The rest of the paper proceeds as follows. In the remainder of this introduction, we
discuss related literature. Section 2 introduces the model of delegation and the benchmark solu-
tion concepts, CCE and IRCP. Section 3 characterizes games with a unique IRCP and shows that
they are exactly those affinely equivalent to enforcement games. Section 4 characterizes games
with a unique CCE, establishes the link to IRCP through strategic equivalence, and describes

applications to contests. Section 5 discusses extensions and open questions.

Related literature. Our paper builds on and connects several strands of work on correlation,
delegation, and equilibrium selection. At a conceptual level, we study robustness of equilibrium
predictions as one enlarges the set of feasible coordination devices. Nash outcomes sit inside
the set of correlated equilibria (CE) (Aumann, 1974, 1987), and CE C CCE C IRCP. Our focus is
the polar case in which these increasingly permissive solution concepts nevertheless collapse to a
single outcome. When that happens, the prediction becomes insensitive not only to equilibrium

selection within Nash, but also to whether players can communicate, correlate, or delegate.



A large literature provides foundations for these solution concepts based on communication,
learning, and long-run interaction. CE captures outcomes of pre-play communication (Barany,
1992; Ben-Porath, 1998; Gerardi, 2004; Lehrer and Sorin, 1997); CCE is the target of no-external-
regret learning (Hannan, 1957); learning dynamics satisfying stronger notions such as no-internal-
regret converge to CE (Foster and Vohra, 1997; Hart and Mas-Colell, 2000; Fudenberg and Levine,
1999). In repeated games, equilibrium payoffs must satisfy individual rationality constraints
(Benoit, Krishna et al., 1984; Fudenberg and Maskin, 1986; Aumann and Shapley, 1976) and thus
empirical distributions of action profiles are captured by IRCP. Imperfect monitoring can shrink
the outcomes that can be sustained; Awaya and Krishna (2019) identify regimes in which the re-
peated play can be approximated by CCE rather than IRCP. Denti and Ravid (2023) relate CCE
to outcomes induced by rational inattention in games. Taken together, these foundations imply
that games with unique IRCP or CCE exhibit exceptional robustness: the same outcome emerges
across communication protocols, learning rules, and long-horizon strategic environments.

Our motivating perspective differs from the classical “benevolent mediator” view: we take the
intermediary to be potentially misaligned with a regulator and ask when the underlying strate-
gic environment itself rules out harmful coordination. This concern resonates with the growing
literature on algorithmic and platform-induced coordination (Calvano, Calzolari, Denicolo, and
Pastorello, 2020; Fish, Gonczarowski, and Shorrer, 2024; Assad, Clark, Ershov, and Xu, 2024), as
well as with the broader alignment perspective in which delegation to Al agents, whose objec-
tives may not match those of the players, can shift outcomes without violating players’ individual
rationality constraints (Liang, 2025; Fudenberg and Liang, 2025; Hadfield-Menell and Hadfield,
2019). It also connects to the literature on cartels and bidding rings, where intermediated coordi-
nation induces correlated play (e.g., McAfee and McMillan, 1992; Ortner, Sugaya, and Wolitzky,
2024). Our contribution is to provide a characterization of when such coordination opportunities
fail to enlarge the outcome set, phrased in terms of the primitives of the strategic interaction.

Moulin and Vial (1978) introduced CCE with a different motivation: to expand the imple-
mentable set relative to CE, and subsequent work established that the inclusion is strict in many
environments (Gérard-Varet and Moulin, 1978; Ray and Gupta, 2013; Moulin, Ray, and Gupta,
2014a,b; Feldman, Lucier, and Nisan, 2016; Dokka, Moulin, Ray, and SenGupta, 2023). In parallel,
the literature on learning in games discovered CCE as a set containing limits of no-regret dynam-
ics (Hannan, 1957; Hart and Mas-Colell, 2000, 2003, 2013). Sometimes referred to as the Hannan

set, the term “coarse correlated equilibrium” was popularized by Young (2004) and Roughgarden



(2015).

The IRCP benchmark is much less studied. While implicit in folk-theorem reasoning, it is
rarely treated as a solution concept because of its apparent permissiveness (Myerson, 1991, Chap-
ter 6). Our results show that, despite this permissiveness, IRCP can deliver sharp, non-knife-edge
predictions in economically meaningful environments—and that the structure behind unique-
ness links IRCP and CCE through strategic equivalence. Csoka, Pongracz, and Rodivilov (2024)
introduce a solution concept reminiscent of IRCP, called guaranteed utility equilibrium (GUE),
which combines individual guarantees similar to those of IRCP with Pareto optimality. The rela-
tion to our results is discussed in Appendix D. Dynamic mechanism design applications of GUE
are explored by Csoka, Liu, Rodivilov, and Teytelboym (2023) and Csoka (2025).

General uniqueness results are scarce even for Nash equilibrium, and even scarcer for the more
permissive solution concepts we study. Trivially, Nash, CE, and CCE are unique in games that ad-
mit a dominant action profile. Beyond dominance, CE is unique in potential games with a strictly
concave potential and in related generalizations (Neyman, 1997; Ui, 2008; Cao, Tan, and Zhou,
2025), as well as in generic zero-sum games (Forges, 1990; Viossat, 2006); see also Kattwinkel,
Niemeyer, Preusser, and Winter (2022) and Kartik, Squintani, and Tinn (2024). Uniqueness of
CE is also known to confer strong robustness to incomplete information and payoff perturbations
(Kajii and Morris, 1997; Viossat, 2008; Einy, Haimanko, and Lagziel, 2022). A unique CE imple-
mentation of a social choice function is studied by Pei and Strulovici (2025) and Banerjee, Chen,
and Sun (2025).

For CCE, uniqueness holds in the payoff space for zero-sum games (Moulin and Vial, 1978;
MacQueen, 2023) and symmetric non-atomic congestion games admitting a convex potential
(Koessler, Scarsini, and Tomala, 2025). Strictly socially concave games, introduced by Even-Dar,
Mansour, and Nadav (2009), are a class in which no-regret dynamics converge to a single limiting
payoff vector; Hart and Mas-Colell (2015) link this convergence to the uniqueness of the CCE.
These results imply unique CCE in environments such as Tullock contests and linear Cournot
oligopolies with strictly convex costs; further examples of games with a unique CCE can be found
in Nadav and Piliouras (2010); Baudin, Scarsini, and Venel (2023); Ahunbay and Bichler (2025).
Our approach recovers social concavity as a sufficient condition for uniqueness by linking it to
enforcement games. More broadly, our characterizations yield new tractable conditions for the
uniqueness of CCE, and (because singleton CCE imply singleton CE and Nash) new sufficient

conditions for uniqueness of CE and Nash that do not rely on dominant strategies.



Finally, on the technical level, our paper contributes to understanding how duality and extreme-
point arguments can be used to derive structural properties of solutions in games. In this respect,
we broaden the scope of extreme-point methods that have recently become prominent in economic
theory, e.g., (Kleiner, Moldovanu, and Strack, 2021; Nikzad, 2022; Arieli, Babichenko, Smorodin-
sky, and Yamashita, 2023; Kleiner, Moldovanu, Strack, and Whitmeyer, 2024; Lahr and Niemeyer,
2024; Yang and Zentefis, 2024; Rudov, Sandomirskiy, and Yariv, 2025; Augias and Uhe, 2025; Yang
and Yang, 2025; Kleiner, Moldovanu, and Strack, 2026).

2 Games and Solutions

A normal-form game is a tuple G = (N, (A;)ien, (4;)ien), where N = {1,...,n} is a finite set of play-
ers, each player i € N has an action set A;, and u;: A — R is a von Neumann-Morgenstern utility
function defined on the set of action profiles A = x;cyA;. For eachi € N, write A_; = x;;A;. When
no confusion arises, we suppress N and (A;);cy and write G = (A, u).

Unless stated otherwise, all games are finite, meaning that each A; is a finite set. However,
most of our results also extend, at least in part, to games with a continuum of actions. We discuss
such extensions separately. To avoid trivialities, we also assume |A;| > 2 for all i € N.

Let A(A) denote the probability simplex over A. A distribution y € A(A) represents the out-
come selected by an intermediary that correlates players’ actions; when p is a product distribution,
it can equivalently represent a decentralized outcome in which players mix independently.

Our central solution concept for modeling delegation is Coarse Correlated Equilibrium (CCE)
(Hannan, 1957; Moulin and Vial, 1978). A distribution u € A(A) is a CCE if, for every player i € N

and every deviation a; € A;,

) wauia) = ) playuiag,a)

acA acA

utility of delegation  utility of a fixed action 4]

CCE captures the scenario where the intermediary is weak and cannot punish players who opt out
of delegation. Accordingly, when player i considers deviating, she assumes that the intermediary
does not react to her deviation and that others keep playing what they would have played absent
the deviation; however, she loses information about the realized action profile. CCE is exactly the
set of correlated action profiles for which no player would find such a deviation profitable.

An alternative way to interpret CCE is to assume that the intermediary recommends actions



to players rather than taking actions on their behalf, but players commit ex ante to follow these
recommendations before observing them. It is instructive to compare this interpretation with that
of classical Correlated Equilibrium (CE) (Aumann, 1974), which captures situations where each
recommendation can be reconsidered ex post. A distribution u € A(A) is a CE if, for every player

i € N and every pair of actions a;,a; € A;,

\%

Z waj,a_i)ui(a;,a_;) Z u(ai, a_;)ui(a;,a_;)

a,l‘EA,,' (l,iGA,i

utility of playing a; whenever it is recommended  utility of playing a; whenever a; is recommended
We next define a permissive benchmark concept that corresponds to the opposite extreme
of the intermediary’s power: when player i deviates, the intermediary can coordinate all other
players on an adversarial response that minimizes i’s payoff. Following Myerson (1991, Chapter
6), a distribution y € A(A) is an Individually Rational Correlated Profile (IRCP) if

a)u;(a) > max min via;)u;(a;,a_;
)_mayi(a) > max min ) via)ui(aja)
acA a;€A;

————

utility of delegation  what i can guarantee against adversarial play

That is, each player’s expected utility must be at least their individually rational maximin level
reminiscent of the classical folk theorem.!

The individual rationality benchmark is often viewed as too permissive to qualify as a solution
concept and is instead seen as a constraint on outcomes that require further refinement. Neverthe-
less, we will show that it delivers sharp predictions in some economically relevant environments.
Importantly, IRCP allows the intermediary to coordinate punishments even when carrying them
out hurts the non-deviators. Adding feasibility constraints on punishments would weaken the

intermediary, shrinking the implementable set relative to IRCP and resulting in intermediate so-

lution concepts between IRCP and CCE.?> While our analysis focuses on IRCP and CCE as the

1To avoid confusion, we emphasize that the folk theorem characterizes payoff vectors that can arise in repeated inter-
action, whereas our object of interest is the induced distribution over action profiles. In particular, the same individu-
ally rational payoff vector may correspond to multiple action distributions y, each of which we classify as IRCP. Another
distinction concerns the definition of the guarantee level. By the minimax theorem, the term max,ea(a,)ming_;ea_; in
the definition of IRCP can equivalently be written as min ea(4 ;) Maxg;eq,, reflecting that the intermediary can corre-
late the actions of the punishing players. By contrast, correlated punishments cannot be sustained in the folk theorem
under standard assumptions (no communication or mediation, no common randomization devices, perfect monitor-
ing); see, e.g., Fudenberg and Maskin (1986); Horner and Olszewski (2006).

2For example, a classical modeling choice to ensure that punishments do not violate non-deviators’ individual



two extremes of intermediary power, our results also speak to such intermediate concepts, since

uniqueness of IRCP implies their uniqueness.

For a given game G, we denote the sets of equilibria by CCE(G), CE(G), and IRCP(G), respec-
tively. These sets are defined by linear inequalities and hence are convex polytopes contained in
A(A). All these polytopes are non-empty for finite games, as they contain the set of Nash equilib-

ria NE(G). The solution concepts satisfy the chain of inclusions
NE(G) € CE(G) € CCE(G) € IRCP(G).

Furthermore, any product distribution v = v; x--- x v,, contained in CCE(G) (and hence in CE(G))
is necessarily a Nash equilibrium. In contrast, IRCP(G) may contain additional product distribu-

tions such as the product of maximin strategies.

To illustrate the distinction between CE, CCE, and IRCP, consider the classic rock-paper-
scissors game. As is generically true for zero-sum games (Forges, 1990), CE is unique, coincid-
ing with the unique Nash equilibrium where both players uniformly randomize independently
of each other. CCE is more expansive, including any correlated action profile with uniform
marginals in which each player receives an expected utility of zero. For example, the uniform
distribution over (rock, rock), (paper, paper), and (scissors, scissors) constitutes a CCE. IRCP is
the most permissive solution concept, requiring only that each player receive zero utility in expec-
tation. This includes, for example, the distribution that assigns probability 1/2 to the two profiles

(rock, paper) and (paper, rock).

The notions of CCE and IRCP extend straightforwardly to games with continuum action
spaces, provided action sets are measurable and utilities are measurable and bounded. In the
inequalities defining these solution concepts, summation is replaced with integration and the
maximin level of IRCP is replaced with the supinf level. The non-emptiness of these solution
concepts is guaranteed under standard assumptions of compactness and continuity, which in par-
ticular imply the existence of a mixed Nash equilibrium. While we primarily focus on finite
games, we will discuss some extensions and examples pertaining to the continuous environment

within the following sections.

rationality constraint, going back to the folk theorem of Friedman (1971), is to punish deviations by switching to a
Nash equilibrium of the stage game. This approach is common in work on cartels and collusion in auctions, e.g.,

Rachmilevitch (2013); Ortner, Sugaya, and Wolitzky (2024); Nakabayashi, Ortner, Chassang, and Kawai (2025).



3 Unique Individually Rational Correlated Profiles

We start by considering our most permissive solution concept, IRCP. Accordingly, requiring that
IRCP(G) is unique imposes the most stringent restrictions on the strategic environment. The
intuitions developed here will be useful for addressing the uniqueness questions for CCE in the
next section.

Since NE(G) € CE(G) € CCE(G) € IRCP(G), the uniqueness of IRCP immediately implies the
uniqueness of all the other equilibrium sets. Accordingly, the decentralized Nash outcome in such
games is robust to rich informational and institutional environments: allowing correlation via a
mediator (CE) or delegation (CCE) does not enlarge the predicted outcome set when IRCP(G) is a
singleton. The same robustness carries over to standard dynamic foundations—no-regret learning
(external regret for CCE and internal regret for CE) converges to the corresponding equilibrium
sets, and long-horizon repeated-game equilibria must be individually rational—so uniqueness of

IRCP(G) pins down these predictions to the same Nash outcome as well.

To get intuition about what constraints the uniqueness of IRCP imposes on a game, consider
two benchmark games with mixed Nash equilibria: matching pennies and rock-paper-scissors. In
both games, each player’s individually rational level equals the value of the underlying two-player
zero-sum game, which under the standard normalization is 0. Hence, any distribution p that
yields expected payoff 0 to both players belongs to IRCP(G). The set of such distributions contains
mixed Nash equilibria as well as other distributions. For example, in either game, the distribution
in which one player mixes uniformly while the other plays a pure action yields expected payoff
0 to both players and therefore lies in IRCP(G). This non-uniqueness is closely tied to the fact
that equilibrium play is mixed: the individually rational constraints pin down only the value 0,
leaving many action distributions compatible with it.

As the following proposition shows, a unique IRCP must necessarily be a pure Nash equilib-
rium. Moreover, each player’s equilibrium action must be the unique best response to the actions
of others. Formally, an action profile a* € A is a strict Nash equilibrium if u;(a*) > u;(a;,a”;) for

all i and a; # a.
Proposition 3.1. If IRCP(G) is a singleton, then it is a pure Nash equilibrium. Furthermore, it is strict.

The proposition is based on the following simple structural insight. IRCP(G) always contains

a canonical outcome: the product distribution where every player uses their maximin strategy. If
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IRCP(G) is a singleton, this distribution must equal the unique Nash equilibrium, which drives

the result.

Proof. Let v; be player i’s maximin strategy. Then v = vy x--- x v, is an IRCP. We now show that
v is a pure Nash equilibrium which is, moreover, strict. Let a; be an action giving player i the
highest expected utility against v_;. Then v’ = 6, x v_; is also an IRCP since all j # i play their
maximin strategies and thus are above their maximin level and player i is also above this level by
the choice of a;. Using the fact that IRCP is a singleton, we conclude that v; = §,.. Thus v is a point

mass. Finally, a; must be the unique best response to v_;, so v is a strict Nash equilibrium. O

Proposition 3.1 implies that, in our pursuit of games with a unique IRCP, we must focus on
those that have a unique Nash equilibrium which is pure. A natural class of games with this
property is that of dominance-solvable games, where sequential elimination of strictly dominated
actions leads to a single action profile. However, even a much stronger property—the existence
of a dominant action for each of the players—which ensures that NE(G) = CE(G) = CCE(G) are
singletons, does not guarantee the uniqueness of IRCP.

For example, consider the prisoner’s dilemma. The action d (defect) is dominant for both
players, but IRCP is not a singleton. To see this, note that the set IRCP(G) is closed under Pareto
improvements for any game G. Since full cooperation (c, c) Pareto improves over the Nash outcome
(d,d) in the prisoner’s dilemma, we conclude that (d,d), (c,c), as well as their mixtures lie in IRCP.

This example might convince the reader that the uniqueness of IRCP is even more demanding
than the existence of dominant actions. However, as we will see, IRCP can be unique even in

games that possess neither dominant actions nor dominated ones.

Consider the following example. There is a circular road with paid parking. Parking yields
utility of v and costs ¢ > 0. Two drivers decide whether to pay or to park without paying. If a driver
decides not to pay, she enjoys the utility of v but may be caught, in which case she pays a ticket
of amount t > c¢. The probability of being caught depends on the location L = {Iy,...,[,,}, m > 3, on
the loop at which they park. An inspector inspects the parking locations counterclockwise along
the loop, starting from a uniformly random location. If both drivers decide not to pay, only the
one the inspector finds first gets a ticket (upon seeing this, the other driver drives away). If the
drivers choose the same location, each gets a ticket with probability 1/2. If only one driver parks
illegally, she gets a ticket for sure.

To get some intuition about the incentives in this game, suppose that both drivers decide not

11



not pay and park at

pay I I I
_ Ppay (v-c,v-¢c) (v-cv-t) (v-cv—-t) (v-cv—1t)
% L | w-tv-c) w-5v-%) @w-Zv-%L) (w-%v-%)
L | w-ttv-c) w-Lv-%) w-Lv-4) @w-%,v-1%
;: i | (w-tv-c) w-%v-%) (w-%v-3) (w-%v-1)
=1

Ficure 1: Expected payoff matrix for m = 3 locations. Entries are (uy, u,).

to pay for parking. If one of them chooses the location [;, the other one minimizes the chance of
being caught by parking at [;,; (with the standard cyclic index convention). That is, each violator
wants to park right after the other along the inspector’s way. If the first driver parks at I; and
the second parks at I; with j = i, then the probability that the second driver is caught is given
by w, which is exactly the probability that the inspector’s starting point is in the range
between [;;1 and I;. The resulting expected payoffs are presented in Figure 1 for m = 3 locations.

The pair of actions (pay, pay) is always a Nash equilibrium of this game. However, paying for
parking is not a dominant action unless the ticket amount is so big that even parking next to the
other violator and thus receiving a ticket with probability of only 1/m gives a lower utility than
paying. Indeed, paying becomes dominant for t > m -c. We now argue that IRCP is a singleton
even for much smaller values of t.

Indeed, the maximin level is v — ¢, which each player guarantees by paying. For t > 2c, in any
profile other than (pay, pay) the sum of utilities is less than 2(v—c), meaning that at least one player
receives less than their maximin level. Similarly, in any correlated profile placing positive weight
outside of (pay, pay), the expected welfare is below 2(v —c) and thus at least one player is below
their maximin level. Hence, no such correlated profile is an IRCP. Accordingly, for t € (2c, mc],
paying is the unique NE, CE, CCE, and IRCP, while not being a dominant action profile.

The IRCP uniqueness that we observed in this game is robust to the details of the game. One
can easily modify the construction to allow for n > 2 drivers, non-uniform randomization by the
inspector, catching more than one violator, or a continuum of locations.

The phenomenon we observed in this example is common to a broader class of n-person games

that we now describe.
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Definition 3.1. We call H = (A,v) an enforcement game if there is an action profile a* € A such that

v;(a*) =0, vi(a;,a_;)>0 forallianda_; and Zvi(a) <0 foralla=a"

i
That is, each player’s utility at a* is zero, each player i can guarantee this utility level unilaterally

by playing aj, and a" is the only profile maximizing utilitarian welfare. We call a* the self-enforcing
profile.

The self-enforcing profile a* is a strict Nash equilibrium. At a* every player receives 0, while
any unilateral deviation a = (a;,a”;) with a; # aj yields a strictly negative payoff to the deviator:
the total welfare satisfies }_;v;(a) <0, yet each non-deviating player j # i contributes v;(a) > 0, so
the entire welfare shortfall is borne by player i.

Mimicking the argument from the parking example, we obtain the following lemma.
Lemma 3.1. The self-enforcing profile a* is a unique IRCP.

Proof. Since a* is a Nash equilibrium, it is an IRCP. It remains to show that any y € A(A) placing
positive weight on A\ {a*} cannot be an IRCP. The expected welfare induced by such a y is negative.
Thus there is a player i with negative expected utility. However, this player can guarantee a payoff
of at least 0 by playing a;. Hence, this player is below their maximin level at y and thus p is not

an IRCP. O

One can construct new games with a unique IRCP by noticing that the set of IRCP is preserved
under affine equivalence of games. Formally, consider games G = (A, u) and H = (A, v) sharing the
same set of action profiles and players. These games are affinely equivalent if v;(a) = y;(u;(a)+ B;)
for some constants y; > 0 and f; € R. For such games, IRCP(G) = IRCP(H). That is, the solu-
tion concept is not sensitive to the choice of von Neumann-Morgenstern utility representing the
underlying preference over lotteries.

Accordingly, a game affinely equivalent to an enforcement game also has a unique IRCP. It

turns out that no other game has this property.

Theorem 3.1. A game G has a unique IRCP if and only if G is affinely equivalent to an enforcement

game.

Proof. By Lemma 3.1, a game affinely equivalent to an enforcement game has a unique IRCP. So

we only need to prove the other direction of the theorem.
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Consider a game G = (A, u) with a unique IRCP and maximin levels u;. By Proposition 3.1,
this IRCP is a pure Nash equilibrium, where some action profile a* is played. Since the product
of maximin strategies is also an IRCP, it coincides with a* by the uniqueness assumption. Thus
a; is i’s maximin strategy. Moreover, u; = u;(a"). Indeed, if u; < u;(a*), then player i will still
be above their maximin level by mixing a; with some other action a; # a; with weights 1 — & and
¢ where ¢ > 0 is small enough. Since other players keep playing their maximin strategies, they
remain above their maximin levels. Thus the constructed distribution is an IRCP, contradicting
its uniqueness.

We now show that a positive affine transformation of utilities makes G an enforcement game.
The weights in this transformation arise from optimal strategies in an auxiliary zero-sum game.

Consider the following zero-sum game played between Maximizer and Minimizer. Maximizer
selects an action profile a € A\ {a"} and Minimizer selects a player i € N. The Maximizer aims
to maximize u;(a) — u;(a*). Since G has no IRCP supported on A\ {a*}, whatever mixed-strategy
Maximizer chooses, Minimizer can respond by selecting a player receiving below her maximin
level. By the minimax theorem, there is a mixed-strategy of Minimizer, y € A(N), that forces a

negative payoff to Maximizer no matter what strategy Maximizer chooses:
Zyi(ui(a)—ui(a*))<0 forall a=a". (3.1)
i

Now plug in a = (a;,a” ;) with a; # a}. The terms with j = i are nonnegative since a; = a; is player j’s
maximin strategy and thus guarantees j at least u; = u;(a"). Hence, the strict inequality can only
be satisfied if yi(u,-(a) - ui(a*)) < 0. Thus the weight y; > 0 for all i.

Consider the game H = (A, v) with utilities given by

vi(a) = yi(ui(a) —u;(a’)).

By (3.1), for any profile a # a*, }_;v;(a) < 0. Finally, since 4] is player i’s maximin action in G, for
all a_;, u;(a;,a_;) > u;(a*), so vi(a;,a_;) > 0 and v;(a*) = 0. We conclude that H is an enforcement

game affinely equivalent to G. O]

An implication of Theorem 3.1 is that a unique IRCP must be a strong Nash equilibrium,
meaning that any multilateral deviation from the equilibrium cannot strictly benefit all of the
deviators. Indeed, any enforcement game has this property. Curiously, this connection between

IRCP uniqueness and strong Nash equilibrium means that a demanding notion of robustness to
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unilateral deviations implies a form of stability against coalitional ones as well. In fact, enforce-
ment games exhibit an even stronger stability notion referred to as strict strong Nash equilibrium
(Chwe, 1994), requiring that, for any joint deviation, at least one deviator must be harmed. Com-
pared to strict strong Nash equilibria, the condition for a unique IRCP is more restrictive, since it
further requires that a multilateral deviation does not harm any non-deviators.

It is also worth comparing games with a unique IRCP to those with a dominant action profile.
Neither one of these conditions imply the other, as evidenced by the prisoner’s dilemma, which
has a unique dominant profile but a multiplicity of IRCP, and the parking game in Figure 1 with
t € (2¢,mc), which has a unique IRCP but no dominant profiles. The insight shed by the parking
game applies more generally to any setting where a designer wants to set penalties to ensure
that players cannot deviate from a desired action even when they are prone to delegate to a strong
intermediary. As the parking example shows, the designer only needs to set penalties high enough
such that at least one deviator would regret their deviation. For example, when it is challenging
to penalize many deviators, a significant enough penalty applied to one scapegoat is enough to

enforce the desired profile.

Continua of actions. So far, all of our results and discussions have been formulated in the setting
where each player has a finite set of actions. However, many of these insights extend to settings
in which players have a continuum of actions.

Our first result, Proposition 3.1, which stated that a unique IRCP is a pure and strict Nash
equilibrium, extends to the continuous action setting. Indeed, the proof of that proposition holds
as stated for games with a continuum of actions as long as maximin strategies and best responses
are well-defined. For example, it is enough to require that A; are compact sets and u;(a;,a_;)
is upper semicontinuous in a; and lower semicontinuous in a_;. There are two aspects of this
extension worth highlighting. First, the proposition implies the existence of a Nash equilibrium
under these mild regularity assumptions and uniqueness of IRCP. Second, while the continuous
setting is prone to creating indifferences, finding a pure Nash equilibrium that is not strict is still
enough to conclude that IRCP is not a singleton.

We also note that the definition of an enforcement game, as well as Lemma 3.1 establishing
uniqueness of IRCP for enforcement games, extend to continuum action spaces. The proof of
Lemma 3.1 goes through verbatim for arbitrary measurable spaces A; and measurable utilities

'l}l'ZA—>1R.
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Finally, a version of Theorem 3.1 holds for symmetric games with a continuum of actions.

Proposition 3.2. Consider a game G with measurable action sets and bounded measurable utilities.

The following assertions hold:

 If G is affinely equivalent to an enforcement game, then it has a unique IRCP which is a pure

action profile a”.
» If G is symmetric and each player has a maximin strategy, the converse is also true.

This proposition is proved in Appendix A. The symmetry assumption in the second item obvi-
ates the need for the duality argument used to ensure strict inequality for the welfare at a* and at
other profiles in the proof of Theorem 3.1. Without symmetry, strict inequality in the continuous
setting is not guaranteed. The assumption of the existence of a maximin strategy in the second

item can be replaced with compactness of A; and upper semicontinuity of u; for all i.

4 Unique Coarse Correlated Equilibria

In this section, we study games that have a unique CCE. Since CCE is contained in IRCP, any game
with a unique IRCP automatically has a unique CCE.

Enforcement games defined in the previous section (Definition 3.1) have a unique IRCP. Since
IRCP is invariant to positive affine transformations, applying them to enforcement games again
preserves uniqueness. CCE is invariant under a broader class of transformations, which immedi-
ately gives a class of games with unique CCE that is larger than that with unique IRCP.

Consider two games G = (A, u) and H = (A, v) sharing the same set of action profiles and play-
ers. These games are strategically equivalent if v;(a;,a_;) = y; (u;(a;,a_;) + pi(a_;)) where y; >0
and f;: A_; — RR. That is, the utilities in H can be obtained from the utilities in G by rescaling and
adding a function that depends only on the actions of others to each player’s utility. In contrast to
positive affine transformations, the additive perturbation ; may not be constant.

The set of IRCP is not preserved under strategic equivalence since adding a function of oth-
ers” actions to i’s utility may affect the ability of others to punish i for deviations. By contrast,
CCE predictions agree for strategically equivalent games: CCE(G) = CCE(H). Indeed, only utility
differences u;(a;, a_;) — u;(a;,a_;) are relevant for i’s incentives in a CCE, and such differences are
preserved up to scale. In fact, this broader invariance is what singles out CCE within the set of

IRCP.
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Lemma 4.1. A distribution p belongs to CCE(G) if and only if u belongs to IRCP(H) for all H strategi-

cally equivalent to G.

In other words, CCE is the set of all correlated outcomes that satisfy individual rationality and

respect strategic equivalence.’

Proof. Consider a game G = (A, u) and y € CCE(G). Since CCE respects strategic equivalence, p €
CCE(H) for all strategically equivalent H. Thus y € IRCP(H) since CCE(H) is a subset of IRCP(H).
Conversely, for y ¢ CCE(G), we show that y ¢ IRCP(H) for some strategically equivalent H. Since
p € CCE(G), there is a player i and an action a; such that }_, u(a)u;(a) < }_, u(a)u;(a’,a_;). Consider
H = (A,v) with v; = u; for j # i and v;(a) = u;(a) — u;(a;,a_;). Then player i in H can guarantee a

utility of 0 by playing a;. On the other hand, }_, #(a)v;(a) < 0 and thus u ¢ IRCP(H). O

Enforcement games have a unique IRCP and thus games strategically equivalent to enforce-
ment games have unique CCE. In fact, such games exhaust all those with unique CCE that are

pure.

Theorem 4.1. A game G has a unique CCE that is pure if and only if G is strategically equivalent to an

enforcement game.

To get more intuition about what the strategic equivalence condition in Theorem 4.1 means,
we express it in terms of the utilities of the original game G = (A, u). This will help us with
general structural insights as well as with applications. To establish the equivalence, we must
find weights y; > 0 and additive perturbations f;(a_;) such that the game with utilities v;(a;,a_;) =
yi(ui(a;,a_;)+ Bi(a_;)) is an enforcement game. That is, u;(a") + p;(a”;) = 0, u;(a;,a_;) + i(a_;) > 0,
and ) ; y;i(u;(a)+ Bi(a_;)) < 0 for a = a*. By taking the pointwise minimal B; permitted by the
second condition, we satisfy the first condition automatically and only improve the last one. Thus

it is without loss of generality to consider f;(a_;) = —u;(aj,a_;).

Corollary 4.1. G is strategically equivalent to an enforcement game if and only if the following inequal-

ity holds for some weights y; > 0 and all a # a*

D(a)<0  where  D(a)= Z)/i(ui(ai,a_i) i, a_i)). (4.1)

3The proof shows that it is enough to require strategic equivalence with respect to a very particular set of transfor-

mations that make the utility of a certain action u; exactly O for a given player i.
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For symmetric games G, one can always take y; = 1 for all i.*

The condition (4.1) can be interpreted as follows. Consider an action profile a = (a;,a” ;) cor-
responding to a unilateral deviation by player i from a*. For each j = i, we have u;(aj,a_;) -
uj(a;,a_j) = 0 and, hence,

D(aj,a";) = yi(wilai,a*;) —u;(a")) (4.2)
That is, the value of @ under a unilateral deviation is proportional to the change in the utility of
the deviator. Accordingly, one can think of @ as a potential representing deviations from a*. We
will refer to it as the local potential at a*. If a* is a strict Nash equilibrium, the right-hand side
of (4.2) is strictly negative for a; # a;. Thus the inequality (4.1) is automatically satisfied at a strict
Nash equilibrium for unilateral deviations a = (a;,a” ;). Thus the gap between a strict Nash and a
unique CCE is whether multilateral deviations lead to @ < 0. This can be seen as a requirement

that multilateral deviations induce strong enough negative externalities.

Comparing Theorems 3.1 and 4.1 highlights an a priori unexpected connection between games
with unique CCE and unique IRCP. Indeed, a game has a unique pure CCE if and only if it is
strategically equivalent to a game with a unique IRCP. Furthermore, (4.1) allows one to focus on
a particular form of strategic equivalence. Thus a” is the unique CCE of G = (A, u) if and only if a

is a unique IRCP in the game G’ = (A, u’) with
ui(a) = u;(a) - u;(aj,a_;). (4.3)

From a design perspective, this identity shows how one can modify payoffs in a game with a
unique CCE to ensure that the equilibrium outcomes remain unchanged even if an intermediary
can punish deviators.

The proof of the theorem is contained in Appendix B. There we show directly that a* is the
unique CCE of G = (A, u) if and only if it is a unique IRCP in the game G’ = (A, u”) with u’ given
in (4.3). Once this equivalence is established, Theorem 4.1 becomes a corollary of Theorem 3.1.

Theorem 4.1 implies robustness of games with unique CCE to small perturbations. Since in
enforcement games Nash equilibria are strict, a unique pure CCE is strict as well. Furthermore, a
small perturbation of a game with a unique CCE 4" has the same unique CCE. Indeed, if G = (A, u)
satisfies condition (4.1) for some y, the same strict inequality continues to hold for all games with

utilities sufficiently close to u.

4Indeed, if (4.1) is satisfied with some weights ;, the symmetry of the game implies that it is also satisfied with

permuted weights. Averaging over all permutations, we conclude that it is satisfied by uniform weights.
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Corollary 4.2. The set of games with a unique pure CCE is open.

By the result of Viossat (2008), the property of having a unique CE exhibits similar robustness
to small perturbations. Interestingly, the situation for IRCP is more subtle. While there are games
with unique IRCP that are robust to perturbations, there are those that are not. For example, by
slightly perturbing an enforcement game H = (A, v) such that all the inequalities in Definition 3.1
are strict, we get a game affinely equivalent to an enforcement one and thus having a unique IRCP.
However, if v;(a},a_;) = 0, then any perturbation lowering v;(aj,a_;) for some a_; # a*; will result
in a game with multiple IRCPs. The underlying reason is that, by lowering v;(a;,a_;), we move
the maximin level of player i below v;(a”) so that their individual rationality constraint no longer

binds, opening up the possibility of other IRCPs described in the proof of Theorem 3.1.

The extra flexibility offered by strategic equivalence leads to many more games with a unique
CCE compared to those with a unique IRCP. For example, if G = (A, u) admits a dominant action
a; for each player, then G is strategically equivalent to an enforcement game. Indeed, define
vi(a) = u;(a) — u;(aj,a_;). Then v;(aj,a_;) =0 and } ;v;(a) <0 for all a # a*, since this inequality
holds for each player i not playing a; separately as u;(a;,a_;) > u;(a;,a_;) by dominance.

The class of games with a unique CCE includes many economically relevant environments
beyond those with dominant actions. We illustrate this point with contests, games where play-
ers compete for a prize by exerting costly effort. Such models arise in rent seeking, political
campaigns, litigation, R&D races, and sporting competitions. In these settings, a natural con-
cern is that players may coordinate on low effort and effectively share the prize while saving costs.
Uniqueness of the CCE is therefore especially appealing, as it removes the scope for such collusive
behavior.

Since contests, as well as many other standard economic models, typically involve a continuum
of actions, we begin by noting that the same condition (4.1) that guarantees uniqueness of CCE in
finite games continues to do so for general games with bounded measurable utilities.

To see this, fix a game G = (A, u) in which each action set A; is a measurable space and each
utility u;: A — R is a bounded measurable function. Suppose that condition (4.1) holds for some
a* € A. Plugging a_; = a*; into (4.1) yields u;(a;,a”;) — u;(a*) < 0 for every player i and every
a; = a;. Hence, a* is a strict Nash equilibrium and, in particular, a pure CCE. To show uniqueness,
let 4 € A(A) be any distribution assigning positive mass to A \ {a*}. Taking expectations of both

sides of (4.1) with respect to a ~ p, we obtain IEQNF[ZieN yi(ui(a) —u;(aj, a_i))] < 0. Therefore, there
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exists a player i such that ]anﬂ[ui(a) —u;(aj, a_z-)] < 0, which means that i can increase her expected
utility by deviating to a;. Hence, y is not a CCE. Boundedness of u in this argument is only used

to ensure that expected utilities with respect to y are well defined.

First, consider the classical Tullock contest, where each player chooses an effort level a; > 0

and receives the fraction of the prize equal to her relative effort, al”T’az Assuming that the prize

has value 1 for both contestants and that effort costs are linear, utilities are

aj

ui(a) =

= —4aj.
ap+ap

The effort profile a* = (1/4,1/4) is a Nash equilibrium. In fact, it is the unique CCE of this game.
To see this, we substitute ; into (4.1) with y; = 1, use that ulaTluz+ulaT2uz =1 and obtain the following

expression for the local potential

3 1 3 1
ow=|3_4_ 3 - , 44
(@) (4 “ 1+4a1)+(4 “ 1+4a2) (4.4)

Each parenthetical term attains its global maximum of 0 at a; = a; = 1/4, so ®(a) <0 for all a = a".
We conclude that 4 is indeed the unique CCE.

A plausible explanation for why the decentralized (Nash) outcome in the Tullock contest is
unaffected by collusion is that the competition is not very intense and exhibits under-dissipation
of rents: total equilibrium effort, 1/4+1/4, is only half the prize value, so the scope for coordinated
gains is limited. However, uniqueness of CCE persists even in contests with high rent dissipation.
To see this, consider a version of the Tullock contest where i € {1, 2} receives the share of the prize

equal to
(ai)"
(a1)" +(az)"”’

where r > 0 controls how discriminatory the contest is. The standard Tullock contest corresponds

(4.5)

to r = 1. For large r, the contest approaches a perfectly discriminating, winner-takes-all limit; for
r close to 0, the success function becomes flat with weak incentives to exert effort. For r < 2, this
contest admits a strict Nash equilibrium a* = (r/4, r/4), so rent dissipation becomes asymptotically
complete as r approaches 2. A straightforward modification of the computation for the standard
Tullock contest leading to (4.4) shows that, for every r € (0, 2], this Nash equilibrium is in fact the
unique CCE.

The uniqueness of the CCE in contests turns out to be a remarkably robust phenomenon. Al-
though the analysis above appears to rely on specific features of the Tullock contest, the conclusion

is not tied to its functional form, symmetry, or linearity of costs.
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Indeed, consider two players i € {1,2} who participate in a possibly asymmetric contest, exert
efforts a; > 0, and may differ both in their valuation of the prize and in their effort costs. Let p;(a)
denote the share of the prize awarded to player i as a function of the effort profile a. The functions
p1 and p, are called contest success functions, and we assume that they satisfy p;(a) + p,(a) =1, so
the entire prize is always allocated. Player i values the prize at v; > 0 and incurs effort cost c;(a;).
Utilities are therefore given by

ui(a) = v;pi(a) — ci(a;). (4.6)

The phenomenon observed in the modified Tullock contest (4.5)—that the CCE is unique when-

ever the contest admits a strict Nash equilibrium—extends beyond that example.

Proposition 4.1. If a contest (4.6) admits a pure Nash equilibrium a* that is strict, then a” is the unique

CCE.

Proof. Suppose a* is a strict pure Nash equilibrium. We show that the local potential @ from (4.1)

with y; = 1/v; is negative for a = a*. We get

1

D(a) = Z(“l(“l;az) - ul(“}@))"‘ %(“2(“1#2) - uz(ﬂpﬂZ))-

Since a* is a strict Nash equilibrium, u;(a;,a*;) < u;(a*) for all a; # a;. Weight these inequalities by

1/v; and sum to obtain

vl—l(ul(al,aE) - ul(a*))+ %(Mz(ﬂifaz) - uQ(a*)) <0.

A convenient property of contests is that the left-hand side above coincides identically with ®. To
see this, substitute the expression for u; from (4.6) and use the identity p; + p, = 1. We conclude

that @(a) < 0 for a # a4, and thus a* is the only CCE. O

The proposition implies that in contests where players do not benefit from being unpredictable
(so a pure Nash equilibrium exists), they also cannot collude to reduce effort. We stress that this
result holds under fairly weak assumptions. The proof does not even use monotonicity of the
effort costs or positivity of the prize shares. The only property we used is that p; + p, = const. One
could even allow negative p;, interpreted as each player owning some amount of the prize and
transferring part of it to the other player as a function of the effort profile.

Another corollary of Proposition 4.1 is that, whenever a contest admits a strict Nash equilib-

rium a*, there are no other pure or mixed Nash equilibria. Indeed, 4* must be the only CCE and
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hence the only Nash equilibrium. This holds even in asymmetric contests and with asymmetric
contestants, where multiple equilibria are especially natural to expect.

The condition of having a unique pure Nash equilibrium can be expressed as an explicit con-
dition on the contest success functions p;. To illustrate this, we restrict attention to the family of
symmetric ratio-based contests with linear costs. In such contests, the success function takes the
form

a

) and pz(a):f(a—z) with f(%)+f(@):1. (4.7)

ap a

Pl(ﬂ)=f(

For example, this family contains the modified Tullock contest (4.5) as well as its winner-takes-all

aj

limit. Assume the prize value is 1 for both contestants and effort cost equals effort. Then requiring
a* = (c,c) with 0 < ¢ <1/2 to be a strict Nash equilibrium reduces to f(a;/c)—a; < f(1)—c for a; =c.
By the identity f(t)+ f(1/t) = 1, the values of f on (0, 1] determine its values on [1,+o0); moreover,
f(1)=1/2. Writing t = a;/c, this becomes f(t) <1/2—-c(1 —t) for t € (0,1) U(1,+00). Rewriting the

condition for t > 1 as a condition on (0, 1) yields 1/2 +c(1 — 1/t) < f(¢).

1

P1
(S}

al/a2

FIGURE 2: Success functions in ratio-based contests for which the symmetric pure Nash
equilibrium is the unique pure CCE and the equilibrium effort equals 1/4. The dashed curve is
the Tullock contest. The red curve, P, is the most meritocratic contest. The blue curve, p,, is the

least discriminatory: each contestant receives a participation bonus of at least 1/4 of the prize.

Putting this together, a symmetric ratio-based contest (4.7) has a strict Nash equilibrium a* =
(¢,c) with ¢ € (0,1/2] (and thus 4" is the unique CCE) if and only if

%+c(1—%)<f(t)<%—c(l—t) for t € (0,1). (4.8)

The upper and lower bounds are visualized in Figure 2 for ¢ = 1/4, the equilibrium effort in the
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standard Tullock contest. The bounds themselves correspond to ratio-based contests with success

functions p; and p,- Forc=1 /4, the success function of the first contestant is given by

a 1
0, azf:))
1,14 4 3_1a 14
— 4+4a2’ a2<1 4 4ay’ 3Sa231
pi(a)= and pl(a) =
3_1a 4 - 1,14 4
4 4a’ a2>1 4+4a2’ 1<a2<3
a;
L 4>3

Condition (4.8) means that the success function lies between those of p and p. In the contest p,
the low-effort contestant receives the pointwise smallest share of the prize among all ratio-based
contests admitting a pure Nash equilibrium. Conversely, in p this share is the largest among all
such contests: each contestant receives at least 1/4 of the prize, which can be interpreted as an
effort-independent participation bonus. For example, the contest p = (1 —¢)p + ep for small € > 0
preserves the equilibrium effort of the Tullock contest, has a unique CCE, and ensures that a
low-effort player receives at least i(l —¢) of the prize pointwise, which can be interpreted as an

improvement in fairness.

So far, we have focused on games whose unique CCE is pure. However, many games of
interest—for example, highly competitive contests such as the Tullock contests (4.5) with r > 2—
do not admit pure Nash equilibria. We now discuss what can be said about CCE uniqueness
without assuming purity. As we will see, focusing on pure equilibria is (almost) without loss.

The first observation is that a unique CCE can indeed be mixed. Consider the classical match-
ing pennies game. Its mixed Nash equilibrium is the unique CCE, which can be verified directly
by solving the corresponding linear program. More generally, let G be a 2 x 2 game with a unique
Nash equilibrium in which both players randomize. We will refer to such a game as a game of
matching-pennies type. Up to relabeling of actions, every game of this type takes the form pre-

sented in Table 1.

o | b

a; | (a,e) | (b, f) » where a>c, d>b, f>e, g>h
by | (¢,g) | (d,h)

TaBLE 1: A game of matching-pennies type has a unique CCE which is mixed.

The mixed Nash equilibrium in a game of matching-pennies type is a unique CCE. While this
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can be shown directly, we give an argument that provides additional insight into the structure
of CCE.

We first observe that CCE(G) = CE(G) for all games G where each player has only two actions.
Indeed, consider a game G = (A,u) with n players and |A;| = 2 for all players i. It suffices to
show that if y ¢ CE(G), then p € CCE(G). Since p is not a CE, there exists a player i who benefits
from deviating after some recommendation; say, when a; is recommended, she can increase her
utility by switching to b;. Because A; = {a;, b;}, the player can then increase her expected utility by
ignoring the recommendation and always playing b;. Hence y is not a CCE. Therefore CCE(G) C
CE(G), and since always CE(G) € CCE(G), we conclude that the two sets are equal.

Correlated equilibria in 2 x 2 games were classified by Calvo-Armengol (2006). In particular,
he showed that games of matching-pennies type have a unique correlated equilibrium. Thus, for
such G, the set CCE(G) = CE(G) consists of the unique mixed Nash equilibrium. In fact, this 2 x 2

randomization exhausts all games with a unique CCE that is mixed.
Proposition 4.2. If CCE(G) is unique, then
* either it is a pure Nash equilibrium,

* or exactly 2 players mix over 2 actions each, and the induced 2 x 2 game is of matching-pennies

type.

By this proposition, any unique CCE is “almost pure,” which justifies our focus on pure CCE
in the preceding discussion. Moreover, the 2 x 2 randomization case is excluded in symmetric

environments since no game of matching-pennies type is symmetric.
Corollary 4.3. If G is symmetric and CCE(G) is unique, then it is a pure Nash equilibrium.

Thus, in many environments of interest, the focus on pure Nash equilibria when considering

a unique CCE is without loss of generality.

The proof of Proposition 4.2 is substantially more subtle than the proof of Proposition 3.1
establishing purity of the unique IRCP. Our argument hinges on an observation about extreme
points of CCE(G), which applies beyond games for which CCE(G) is a singleton and may be of
independent interest.

Since CCE(G) is defined by a system of linear inequalities, it is convex. A point of a convex set

is extreme if it cannot be expressed as a convex combination of other points in the set. In the finite
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games we consider, CCE(G) is a polytope in a finite-dimensional space, and its extreme points are
simply its vertices.

Extreme points are relevant for uniqueness since, when CCE(G) is a singleton, its unique ele-
ment is a Nash equilibrium and (trivially) extreme, because the polytope degenerates to a single
point.”> We characterize which Nash equilibria are extreme points of the CCE polytope. A mixed
Nash equilibrium v = vy x... x v, is quasi-strict if all incentive constraints outside its support are
slack, that is, } ,v(a)u;(a) >} _,v(a)u;(b;,a_;) for all i and all b; & supp(v;). By Harsanyi (1973), a

generic game has finitely many Nash equilibria, and all of them are quasi-strict.

Proposition 4.3. A quasi-strict Nash equilibrium is an extreme point of CCE(G) if and only if it is

pure, or exactly two players randomize and each randomizes over two actions.

The proof is in Appendix C. Here we explain why more extensive randomization is incom-
patible with extremality.® The idea is to compare the number of binding constraints at a Nash
equilibrium in the CCE polytope to the dimension of the space in which the equilibrium lives. By
Winkler (1988), if k linear constraints are imposed on the set of all probability distributions, then
any extreme distribution is supported on at most k+1 points. Now consider a Nash equilibrium in
which m < n players randomize. Without loss of generality, these are players 1,...,m, and player i
mixes over k; > 2 actions. The support then has size k; -... - k,,. Quasi-strictness implies that the
number of active constraints is at most k; +... + k;,,, (players who do not randomize contribute
none). Thus a Nash equilibrium can only be extreme if

m m
H ki<1+ Zki'
i=1 i=1
Lemma C.1 in the appendix shows that this inequality can only hold under 2 x 2 or 2 x 3 random-
ization. The latter case does not correspond to extreme equilibria since a 2 x 3 Nash equilibrium

must be a convex combination of 2 x 2 ones (Vorob’ev, 1958).

The classification of unique CCE in Proposition 4.2 follows directly from Proposition 4.3 and

the fact that a unique CCE must be a quasi-strict Nash equilibrium. This can be deduced from the

5 Another reason for the importance of extreme points is the Bauer maximum principle. It states that any linear
or convex objective attains its optimum at an extreme point. Thus non-extreme points can effectively be ignored by a

designer. This perspective has been useful in a range of economic theory questions; see the literature review.
A similar tension between extremality and the amount of randomness is observed by Rudov, Sandomirskiy, and

Yariv (2025) for Nash equilibria in CE, rather than CCE. Under an additional regularity assumption on the Nash
equilibrium, they show that two-player randomization over any two equal numbers of pure actions can be compatible

with extremality, whereas three-player randomization cannot.
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quasi-strictness of unique CE established by Viossat (2008) or proved directly; see Lemma B.1 in

the appendix.

Proof of Proposition 4.2. Let G be a game such that CCE(G) = {v}. By Lemma B.1, v is a quasi-strict
Nash equilibrium. Since CCE(G) is a singleton, v is an extreme point of CCE(G). By Proposi-
tion 4.3, v is either pure or involves two players mixing over two actions.

It remains to show that, in the 2 x 2 mixing case, the induced 2 x 2 game G’ is of matching-
pennies type. Without loss of generality, the mixing players are i € {1,2}. Towards contradiction,
suppose that G’ is not of matching-pennies type. Then, besides the mixed Nash equilibrium
V17 = V1 XV, it has another Nash equilibrium 7. Define y = ((1 —€&)vp+ 817) X V_1,. For € > 0 small
enough, y € CCE(G). Indeed, the incentive constraints for players 1 and 2 are satisfied since vy,
and 7 are Nash equilibria of G’, and all remaining constraints are slack at v by quasi-strictness
and therefore remain satisfied for small €. Since p # v, this contradicts the uniqueness of CCE.

Hence G’ must be of matching-pennies type. O]

We conclude this section by discussing convexity-based conditions that guarantee a unique
CCE. We start with the class of strictly socially concave games introduced by Even-Dar, Mansour,
and Nadav (2009). A game G = (A, u) belongs to this class if each A; is a compact, convex subset
of IR?, the utilitarian welfare ¥ ; 1(a) is strictly concave in a € A, and for every player i the payoff
u;(a;,a_;) is continuous in 4 and convex in a_;.

Any such game is contained in the class of concave games by Rosen (1965) and thus admits a
pure Nash equilibrium a*. As demonstrated by Hart and Mas-Colell (2015), a* is the unique CCE.

We show that this easily follows from our main result.
Corollary 4.4. A strictly socially concave game has a unique CCE.

Indeed, fix a strictly socially concave game G = (A, u) with a Nash equilibrium a*. To show that
the CCE is unique, we verify that the local potential ®@ from (4.1) with y; = 1 satisfies ®(a) < 0 for
aza*. By (4.2), ®(a;,a’;) = uj(a;,a’ ;)—u;(a*). Since a* is a Nash equilibrium, ®(-,a”;), as a function
of a single variable a;, attains a maximum at a; = a;. By strict concavity, this implies that a = a
is the unique global maximum of @ as a function of the whole profile a. Thus ®(a) < P(a*) =0
for a # a*. We conclude that G has a unique CCE.

As shown by Even-Dar, Mansour, and Nadav (2009), the class of strictly socially concave games

contains classical economic models such as linear Cournot oligopolies and Tullock contests with
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strictly convex production or effort costs c;. These correspond to the following utility functions:

aj

Cournot: u;(a) = ai(a— a-)—ci a; Tullock: u;(a) = v;=—— —c;(a;).
(a) /s]Z] () (@ =vig o —cila)

By Corollary 4.4, CCE is unique in these games.

Social concavity is a convenient sufficient condition for a game to be strategically equivalent
to an enforcement game, but it is not necessary. For example, a Tullock contest with linear costs,
as well as all contests characterized in Figure 2, are not strictly socially concave. Nevertheless,
these contests have a unique CCE. Moreover, for the Tullock contest with linear costs one can
verify (4.1) with y; = 1/v;, which yields uniqueness for any number of players. Condition (4.1)
also suggests that for n > 3 contestants uniqueness of CCE is more demanding than existence of a
pure Nash equilibrium, so an analog of Proposition 4.1 does not hold. Our approach can be used
to study the restrictions imposed by uniqueness of CCE in multi-player contests further, which
we leave for future work.

To illustrate the gap between the uniqueness of CE and CCE, consider the class of potential
games. Recall that a game G = (A, u) is a potential game if there is a function IT: A — R, referred
to as a potential, such that u;(a) — u;(aj,a_;) = Il(a) — I1(a;,a_;) for all i, a; and a. For example,
any common-interest game, u; = u; = ... = u,, is a potential game with the potential IT equal to
the common utility function; furthermore, any potential game is strategically equivalent to the
common-interest game whose utilities equal the potential.

Neyman (1997) considered potential games G with compact convex A; C IR” and continuously
differentiable strictly concave I1. He showed that the action profile 4* that maximizes II is a
unique CE. However, not every such IT has a unique CCE. For example, consider a two-player

common-interest game G where u; = u, =I1, where
[(ay,ay) = —3(a® +a2) + 4aa
1,42) = 1+4a3 142

and a; € A; = [-1,1]. The potential IT is a negative definite quadratic form and thus a* = (0,0) is
the only CE of G. Consider now the local potential @ of condition (4.1) for a* = (0,0):
D(ay,a;) = Zui(a) —u;(a;,a_;) = ~3(a} +a3)+8aya,
i
where y; = 1 since the game is symmetric. The coefficient in front of the “interaction term” has
increased such that @ is no longer negative-definite and has a saddle-point at a*: for example,

®(1,1) > 0. Thus a* violates condition (4.1) for the uniqueness of CCE. One can construct a CCE
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different from a* by taking the uniform distribution on action profiles 2 and —a with ®(a) > 0. For
example, y = %6(1,1) + %5(_1,_1) € CCE(G).
Extending this analysis to general potential games with convex potentials, we obtain the fol-

lowing proposition.

Proposition 4.4. Consider a game G = (A, u) with convex A; C R" and a twice continuously differ-
entiable strictly concave potential Il attaining its maximum in the interior of A. Let a* be the Nash

equilibrium of G and denote by H the Hessian of I1 at a*. The following assertions hold:
« Ifa*is a unique CCE, then H — 1diag(H) is negative semidefinite;
o IfI1is quadratic and H — 1diag(H) is negative definite, then a* is a unique CCE.

However, not every Il guaranteeing the uniqueness of CE satisfies the condition (4.1) for

uniqueness of CCE.

5 Extensions

We model robustness of a strategic interaction outcome to delegation by requiring that the dele-
gation outcome be unique and hence coincide with the unique decentralized Nash outcome. An
alternative, and a priori more permissive, way to capture that delegation does not introduce any-
thing new is to assume that the set of delegation outcomes coincides with the convex hull of Nash
equilibria. In that case, the intermediary’s role is limited to telling players which Nash equilib-
rium to play.

For a game G = (A, u), denote by conv[NE(G)] the convex hull of Nash equilibria in A(A).
Consider a strong intermediary and the associated set of outcomes. Our goal is to characterize
games for which

conv[NE(G)] = IRCP(G). (5.1)

If IRCP(G) is a singleton, then (5.1) holds. The question is whether there are games for which
IRCP(G) is not a singleton but (5.1) still holds. We show that this never happens unless the game
is degenerate, so the two approaches are essentially equivalent.

We fix the set of players N and the set of action profiles A, and identify the space of games
with u € RA*N. We say that a property holds for a generic game if the set of games violating it is a

]RAXN

nowhere dense subset of with Lebesgue measure zero.
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Proposition 5.1. For a generic game G, if IRCP(G) is not a singleton, then conv[NE(G)] is a proper
subset of IRCP(G).

The genericity assumption cannot be dropped. For example, if G = (A,u) has u = 0, then

conv[NE(G)] = IRCP(G) = A(A). A less degenerate example is given in Table 2.

ap | (1,1) | (1,0)
by | (0,1) | (1,1)

TaBLE 2: A game with two pure Nash equilibria where conv[NE(G)] = IRCP(G)

Proof. By Harsanyi (1973), games with a finite set of Nash equilibria, all of which are quasi-strict,
are generic. Toward a contradiction, suppose that conv[NE(G)] = IRCP(G) but IRCP(G) is not a
singleton. Since IRCP(G) is a polytope, it has at least two distinct extreme points, corresponding
to distributions v and v’. Because IRCP(G) coincides with the convex hull of Nash equilibria, v
and v’ are Nash equilibria that are extreme in IRCP(G) and, by assumption, quasi-strict.

We claim that a quasi-strict Nash equilibrium is an extreme point of IRCP(G) if and only if it is
pure. Indeed, if it is extreme in IRCP(G), then it is also extreme in CCE(G) and, by Proposition 4.3,
it is either pure or involves a 2 x 2 randomization. The 2 x 2 mixing case is ruled out as follows.
Consider the induced 2 x 2 game G’ and the set of all distributions that give both players the same
expected utilities as the mixed Nash equilibrium. Since we impose only two linear constraints,
extreme distributions in this set have support of size at most three (Winkler, 1988). Hence the
mixed Nash equilibrium is not extreme in this set, not extreme in IRCP(G’), and therefore not
extreme in IRCP(G) by the assumption of quasi-strictness.

It follows that v and v’ are two distinct strict pure Nash equilibria. By Giil, Pearce, and Stac-
chetti (1993), in a generic game the number of mixed equilibria is at least the number of pure
equilibria minus one, so there exists a mixed equilibrium v”. Since v” is mixed, it is not an ex-
treme point of IRCP(G). However, if conv[NE(G)] = IRCP(G), then v” must lie in the convex
hull of the extreme points of IRCP(G), which are pure Nash equilibria. This is impossible: strict
pure equilibria cannot be combined to create the indifferences required on the support of a mixed

equilibrium. O]
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Similarly, one can ask about the structure of games such that
conv[NE(G)] = CE(G) or conv[NE(G)] = CCE(G).

The literature provides examples where these identities hold but the respective sets are not sin-
gletons. Koessler, Scarsini, and Tomala (2025) show that conv[NE(G)] = CCE(G) for non-atomic
convex potential games, which may have multiple Nash equilibria. Furthermore, conv[NE(G)] =
CE(G) for potential games with a finite number of players (Neyman, 1997; Ui, 2008; Cao, Tan,
and Zhou, 2025) and auctions (Feldman, Lucier, and Nisan, 2016), which may also have multiple
Nash equilibria. Whether genericity of G is sufficient to rule out such examples—and to obtain
that CE(G) or CCE(G) is generically larger than the convex hull of Nash equilibria unless it is a
singleton—is, in our opinion, a very interesting but likely difficult question. Addressing it would

require a deeper understanding of the structure of Nash equilibria, CE, and CCE.
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A Proof of Proposition 3.2

The first bullet point of Proposition 3.2 states that games affinely equivalent to enforcement games
have unique IRCPs which are pure. For enforcement games themselves, Lemma 3.1 applies be-
yond the finite action setting to games in which players have arbitrary measurable action sets
and bounded measurable utilities. Indeed, the proof of that lemma works verbatim for this set-
ting. This unique IRCP must be the pure action profile a* given in the definition of enforcement
games, which is necessarily an IRCP. Since positive affine transformations of utilities preserve the
defining inequalities of IRCP, the same holds for games affinely equivalent to enforcement games.

We now prove the second bullet point of Proposition 3.2, which states that the converse holds

at this level of generality, provided that utilities are symmetric.

Proof of Proposition 3.2. Let G = (A,u) be a symmetric game with measurable action sets and
bounded, measurable utilities and maximin levels u;. Suppose that 4 is the unique IRCP of G.
Note that the maximin levels are well-defined by the assumption that each player i has a maximin
strategy, which we denote by v;. Consider the affinely equivalent game G’ = (A, u’) with u’ given

by

In G’, each player receives a utility of zero at the unique IRCP a*. We claim that the maximin
levels of G are zero. Indeed, symmetry implies that the maximin levels of all players coincide
and they cannot be less than zero, or a profile y that mixed a* with a sufficiently small probability
on any other profile would be a distinct IRCP. Since the product of maximin strategies v{ x---x v,
is an IRCP we conclude that, by uniqueness, each v; is a point mass at a;. It follows that playing
a; unilaterally guarantees i a non-negative utility.

All that remains is to show that the welfare at any action profile other than a* is negative. In-

deed, consider b = (by,...,b,) # a* and let y be the uniform distribution over all profiles (by 1), .-, by(n))
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constructed by permuting the components of b. By symmetry y yields each player identical utility,
which is negative, since y is not the IRCP a*. However, the welfare at y is equal to the welfare at

b, so b also yields a negative welfare, and we conclude that G’ is an enforcement game. O

B Proof of Theorem 4.1

The proof of Theorem 4.1 relies on the following lemma, which establishes that a unique CCE is

a quasi-strict Nash equilibrium.”

Lemma B.1. A unique CCE is a quasi-strict Nash equilibrium.

Lemma B.1 follows from Lemma 3 of Viossat (2008), which states that any unique correlated
equilibrium—which includes any unique CCE—is quasi-strict. For completeness, we provide a
short proof of Lemma B.1 via a duality argument. We will use the following strict complementary
slackness result for zero-sum games due to Shapley, Karlin, and Bohnenblust (1949) and Arrow,

Barankin, and Blackwell (1953); see Theorem 3.11 in a book by Karlin (2003).

Theorem B.1. Consider a zero-sum game with finite sets of pure strategies Sy and S, and payoffs
7 = —10;. Let V be its value and ¥} C A(S;) be the set of maximin strategies of player i. Then there

exists o € X such that o(sy) > 0 if and only if }_ 11(s1,52)01(s1) =V for all o1 € X7.

That is, a pure strategy s, is played by the second player with positive probability at some max-
imin strategy if this action belongs to their best response to every maximin strategy of player 1.
Without the game-theoretic framing, this result can be seen as an expression of strict comple-
mentary slackness in linear programming. The following corollary will be particularly useful for

proving Lemma B.1.

Corollary B.1. Consider a zero-sum game G with finite sets of pure strategies Sy and S, and payoffs
1y = —Ty. Let V be the value of G and suppose that player 1 has a unique maximin strategy o1. Then
there exists a maximin strategy of the second player o such that supp(oy) = {sy: 11(01,52) = V} and

70,(s1,05) < V for s, €supp(a ).

Proof of Lemma B.1. Let u be the unique CCE of G = (A,u), whose set of players is N = {1,...,n}.

Consider the following auxiliary zero-sum game between Maximizer, whose set of pure strategies

7 A Nash equilibrium is quasi-strict if any player who deviates to an action outside of the support of their mixed-

strategy receives a strictly lower expected utility.
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is A, and Minimizer who must choose a player i as well as an action of that player a;. For a profile

b chosen by Maximizer and a pair (7,a;) chosen by Minimizer, Maximizer’s payoff is
ui(b) - u;(aj, b_;).

Since p is the unique CCE of G, it is also the unique maximin strategy of Maximizer. Moreover,
p must be a Nash equilibrium. Thus, by choosing any player i and action a; played with positive
probability under y, Minimizer achieves a payoff of zero against . It follows that for every mixed-

strategy v € A(A),
min ;vw)(ui(b)—ui(ai,bi» <0, (B.1)

with equality if and only if v = p.

By Corollary B.1, Minimizer has a mixed-strategy T whose support is all the pairs (i,a;) that
lead to zero payoff as a response to y and such that Maximizer receives a payoff of zero if she
chooses a pure strategy in the support of y and a strictly negative payoff under any other pure
strategy. We can express T as a distribution # € A(N) and a collection of mixed-strategies o; €
A(A;), i € N, such that 7(i,a;) = #(i)o;(a;). For any a; played with positive probability under p, the
pair (7,a;) is a best response to y, and thus #(i)o;(a;) > 0. In particular, #(i) > 0 for all i.

We will now show that ¢ = 0y x--- X 0,, defines a quasi-strict Nash equilibrium. Indeed, let
b; € A; and suppose Maximizer plays v = o_; X 0, and Minimizer chooses 7.

Each j = i contributes zero to Maximizer’s resulting payoff, since for all b_;,

(| ) oj(biuj(byby)= ) ojlapuslagby)|= 0.

bJEA] a]'EA]‘
By (B.1), the contribution from i is

N00)) (wi(bi,a_i) - ui(a)) o(a) <0,

a
with equality if and only if b; is played with positive probability under p. Since (i) is positive,
this is precisely the condition for o to be a quasi-strict Nash equilibrium. Since y is the unique

Nash equilibrium of G, we have y = 0, so y is a quasi-strict Nash equilibrium. O
With Lemma B.1 in hand, we will now show that Theorem 4.1 follows from Theorem 3.1.

Proof of Theorem 4.1. One direction is immediate. If G = (A, u) is strategically equivalent to an
enforcement game, then it has a unique CCE since enforcement games have unique IRCP and

thus CCE, and the set of CCE is preserved under strategic equivalence.
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We now prove the opposite direction. In particular, we will show that if the action profile a* is

a unique CCE of G = (A, u) then it is a unique IRCP in the game G’ = (A, u’) with utilities given by
ui(a) = u;(a) —u;(aj,a_;).

Since a* is a unique CCE in G’, by Lemma B.1, it is a strict Nash equilibrium. Each player’s
equilibrium utility is 0 in G’. Thus, player i’s maximin utility is at most 0. On the other hand,
a; guarantees i a utility of 0, so each player’s maximin utility in G is 0. Let m be the minimum
amount that any player i can lose from deviating from equilibrium to another pure action.

Let p in IRCP(G’), so that the expected utility of player i under y is at least 0 for all i. Let M
be the maximum amount that any player i can gain from deviating from p to another pure action,
and note that M > 0, since otherwise y would define a CCE that is distinct from a*.

Let a € (0, ;;757) and consider the correlated profile v = (1 — a)d, + ap. Each player’s expected
utility under v is at least 0, since this holds for both 4* and u. If some player i deviates from v to
some pure action a;, they incur a penalty of at least (1 —a)m by deviating from a* and gain at most
a-M from deviating from p. This is a net loss, meaning v is a CCE. Since the only CCE is at a*, we
conclude that y = 0, and that this is the unique IRCP of G’.

Finally, by Theorem 3.1, G’ is affinely equivalent to an enforcement game. It follows that G is

strategically equivalent to this enforcement game. O

C Proof of Proposition 4.3

We will need the following lemma. It will help us reduce the question to considering 2x2 or 2x 3

randomization

Lemma C.1. Let ky,...,k,, be integers with k; > 2 forall i =1,...,m. If

m m
Hki <1+ Zk,.,
i=1

i=1
then m < 2. Moreover, if m = 2, then {kq,k,} is either {2,2} or {2, 3}.

Proof. Divide the inequality by [/, k; > 0 to obtain

m

1 1
1< + .
[T, ki ;H#i kj

Since k; > 2 for all i, the right-hand side is at most % + S = 1;3}”

, which is strictly less than 1 for

all m > 3. Indeed, this expression equals 7/8 at m = 3 and decreases thereafter. Thus m < 2. For
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m = 2, the inequality becomes k1k, <1 +k; +ky, i.e. (k; —1)(k, —1) < 2. Since k; > 2, each factor is

at least 1, so the only possibilities are {2,2} and {2, 3}. O

Proof of Proposition 4.3. Let v = vy x---x v, be a quasi-strict Nash equilibrium of G = (A, u). Write
k; = |supp(v;)|, and let m be the number of players with k; > 2. Without loss of generality, assume
these are players i = 1,...,m. We prove each direction in turn.

(<) If v is pure (m = 0), then it is a vertex of the simplex A(A) and hence extreme in A(A).
Therefore it is also extreme in the subset CCE(G) C A(A).

Now suppose v involves a 2 x 2 randomization, i.e., m = 2 and k; = k, = 2. Consider the
induced 2-player 2 x 2 game G’ obtained by fixing players 3,...,n at their equilibrium actions and
restricting players 1 and 2 to supp(vy) and supp(v;). The equilibrium v induces a mixed Nash
equilibrium of G’. By Calvo-Armengol (2006), in a 2 x 2 game a mixed Nash equilibrium is an
extreme point of the correlated equilibrium set. Moreover, in this 2 x 2 setting CE(G’) = CCE(G’)
(see the discussion in Section 4), so v is extreme in CCE(G’).

To conclude, suppose for contradiction that v is not extreme in CCE(G), so v =ap’+ (1 —a)u”
for some a € (0,1) and distinct y’, u” € CCE(G). Since v(a) = 0 for every a ¢ supp(v), we must have
W(a) = p”(a) = 0 for all a ¢ supp(v) as well. Thus p" and p” can be identified with elements of
CCE(G’), and they represent a non-trivial convex decomposition of v in CCE(G’), contradicting

extremality of v in CCE(G’). Hence v is extreme in CCE(G).

(=) Assume that v is an extreme point of CCE(G). Let k denote the number of linearly inde-
pendent incentive constraints that are active at v. By Winkler (1988), any extreme point of the
set of probability distributions satisfying these constraints is supported on at most k + 1 action
profiles. Since only players 1,...,m randomize, we have |[supp(v)| =12, k;.

By quasi-strictness, for each mixing player i < m the incentive constraints corresponding to
deviations a; ¢ supp(v;) are slack at v. Hence each such player i contributes at most k; active
constraints. For players i > m who play pure, the only constraint with a; in the support reduces to

0 > 0 and therefore does not contribute to the count of independent active constraints. It follows

m m
Hki <1+ Zki.
i=1

i=1

that

By Lemma C.1, this implies m < 2, and if m = 2 then {ky, k,} is either {2,2} or {2, 3}.
We next rule out the cases of a single mixing player and of two mixing players, one mixing

over 2 actions and the other over 3.
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If m =1, then player 1 is indifferent among all actions in supp(v;). Choose two distinct mixed
strategies vy, v{ with support contained in supp(v;) such that v; = av] + (1 — a)v{ for some a €
(0,1). Let p' = ((1 —&)vy +ev] ) xv_yand p’ = ((1 —&)vy + ev{’) x v_jy. Since, by quasi-strictness, all
constraints involving actions outside supp(v) are slack, we have p’, "’ € CCE(G) for € > 0 small
enough. Then v = ap’+(1—a)u” is a non-trivial convex decomposition, contradicting extremality.
Thus m = 1.

Finally, suppose m = 2 and {ky, k,} = {2, 3}. Consider the induced 2-player subgame obtained by
fixing players 3,...,n at their equilibrium actions. If in a Nash equilibrium of a two-player game
the players mix over different numbers of pure strategies, then this equilibrium lies in the convex
hull of equilibria in which they mix over the same number of strategies (Vorob’ev, 1958). Thus
any 2 x 3 Nash equilibrium in a 2-player game is a convex combination of 2 x 2 equilibria. Hence
there are two distinct Nash equilibria 7, such that vy, = vy x v, can be written as an’+(1—-a)y”
for some a € (0,1). Define p’ = ((1 —E)Vyp + 617’) Xv_1pand p” = ((1 — &)y + 611”) X V_1,. Since all
incentive constraints that are slack at v remain satisfied for ¢ > 0 small enough, we have ', y” €
CCE(G) for sufficiently small e. Moreover, v = ap’+ (1 — a)u”, again contradicting extremality.
Hence the 2 x 3 case is impossible.

Therefore, if a quasi-strict Nash equilibrium is extreme in CCE(G), it must be either pure or

involve exactly two players mixing over two actions each.

D Connection between IRCP and Guaranteed Utility Equilibria of Csoka,
Pongracz, and Rodivilov (2024)

Csoka, Pongracz, and Rodivilov (2024) introduce the notion of a guaranteed utility equilibrium
(GUE), which significantly strengthens that of a pure Nash equilibrium. In a game G = (A,u), a
pure action profile a* € A is a GUE if it is Pareto optimal among pure profiles and each player can
secure her payoff at a* unilaterally, that is, one has u;(a},a_;) > u;(a") for every i and a_;.
Enforcement games (Definition 3.1) constitute a class of games admitting a GUE. Indeed,
the self-enforcing profile a* maximizes utilitarian welfare, hence it is Pareto optimal. Moreover,
self-enforcement implies that player i guarantees u;(a) by playing a; regardless of what others
do. Since both properties are preserved under positive affine transformations, any game affinely

equivalent to an enforcement game admits a GUE. Combining this observation with Theorem 3.1,

42



we obtain that whenever a game has a unique IRCP, this unique IRCP is a GUE.

The notion of GUE nevertheless differs from unique IRCP in two ways. First, there may be sev-
eral distinct GUE action profiles that induce the same payoff vector; thus a game admitting a GUE
may have multiple IRCP. This multiplicity is easily avoided by imposing a strictness requirement:
no other pure profile a # a* yields the same payoff vector u(a) = u(a®).

Second, and more importantly, the Pareto requirement in the definition of GUE compares a*
only to other pure profiles. It does not rule out the possibility that a lottery y € A(A) Pareto-
improves upon a*. In that case, the IRCP need not be a singleton even if the game admits a strict

GUE.

as by )

a; | (0,00 (0,-1) (0,-1)
by | (-1,0) (2,-1) (-1,-1)
¢ | (=1,0) (-1,-1) (-1,2)

TaBLE 3: A game with a unique GUE profile but non-unique IRCP and non-unique CCE.

To see this, consider the two-player game in Table 3. The profile (a1,a;) with utilities (0,0) is
the only GUE. In particular, it is Pareto optimal among pure profiles because every other profile
gives at least one player payoff —1. However, lottery p = %(bl, by)+ %(cl,cz) yields expected payoff
(1/2,1/2) and thus dominates (a;,a;). Consequently, IRCP contains both (a;,4;) and p and is not
a singleton. Moreover, u is also a CCE, and so CCE is not unique either.

This example suggests strengthening the Pareto requirement and adding strictness in the def-
inition of GUE. We call a* a strict fractional GUE if it is Pareto optimal among lotteries over A, no
other lottery leads to the same utility profile, and each player can secure her payoff at a* unilater-

ally.

Lemma D.1. A game G is affinely equivalent to an enforcement game if and only if G admits a strict

fractional GUE.

Proof. By Theorem 1 of Arrow, Barankin, and Blackwell (1953), a* is fractionally Pareto optimal if
and only if there exist weights y; > 0 such that a* maximizes ) ; y;u;(a) over a € A. In an enforce-
ment game the self-enforcing profile a* is, by definition, the unique maximizer of ) ; u;(a), so it is

fractionally Pareto optimal and strict. Therefore it is a strict fractional GUE.
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Conversely, let a* be a strict fractional GUE in G. The theorem by Arrow, Barankin, and Black-
well (1953) provides weights y; > 0 such that 4* maximizes ) ; y;u;(a). Moreover, we may take
these weights so that the maximizer is unique.® Consider the affinely equivalent game H = (A, v)
defined by v;(a) = yi(ui(a) - ui(a*)). Then a* uniquely maximizes ) ;v;(a) and v(a*) = 0. Moreover,

each player can guarantee payoff 0 in H by playing a;. Thus H is an enforcement game. O]

Comparing this lemma with Theorem 3.1, we conclude that a game has a unique IRCP if and

only if it admits a strict fractional GUE.

8Strictness rules out other p € A(A) with ) ,p(a)u(a) = u(a*), so u(a*) is a vertex of conv{u(a) : a € A} and hence
exposed. Let 8 expose it. If y are Arrow, Barankin, and Blackwell (1953) weights, then for ¢ > 0 small the perturbation

1 —¢€)y + ¢B stays positive and makes a* the unique maximizer.
V4 ysp q
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