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Abstract

We study stochastic choice across decision problems, each represented

as a menu of action labels paired with observable outcome vectors. We

propose a consistency condition for behavior in decision problems composed

of two separable components: choice probabilities must agree with those

obtained when each component is considered in isolation. Together with

monotonicity and continuity, this separability requirement characterizes the

family of random coefficients logit rules.

1 Introduction

Consider an analyst who studies individuals choosing among different actions, each

yielding an observable outcome vector. From the analyst’s perspective, choice
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behavior is stochastic: the population of decision makers may be heterogeneous,

and, furthermore, they may choose actions with dominated outcomes for various

reasons, including cognitive limitations, errors in the decision-making process,

and random shocks unobserved by the analyst. The analyst would like to develop

a model to predict out-of-sample choice probabilities. In this paper we use an

axiomatic approach to restrict the analyst’s set of models. We show that random

coefficients logit, a commonly used model, is unique in satisfying three simple

axioms.1

We model a single decision instance as a menu pA, oq consisting of a finite

set of actions A, each associated with an outcome opaq P Rn. Each dimension of

the outcome is a quantity that can be added (i.e., an extensive quantity) such as

money, time, fuel, and so on. Following the discrete choice literature (McFadden,

1981; Strzalecki, 2025), the actions are treated as mere labels, and the outcomes

are assumed to carry all the information important to the decision maker. For

example, consider the setting of a rideshare driver who faces the decision of which

of several trips to accept. Each menu corresponds to a choice at a particular time.

The actions in a menu are (meaningless) labels of trips, and the outcome associated

with each action is a tuple pr,´t,´g,´mq corresponding to the revenue from the

trip, the time the trip will take, the gas it will consume and the mileage it will cover.

More broadly, the decision maker can be thought of as a producer, facing the choice

of which good to produce. Alternatively, the decision maker is a consumer, and

outcomes represent consumption bundles. In either case, outcomes can incorporate

risk, for instance through the variance of revenue or other uncertain quantities.

A stochastic choice rule assigns to each menu a probability distribution over

the set of actions, which we interpret as the predicted choice probabilities. The

collection of stochastic choice rules is a rich, non-parametric family that gives rise

to the problem of model selection. We restrict this family by considering three

axioms: monotonicity, continuity, and independence of irrelevant decisions (IID).

Our monotonicity axiom requires that an action that yields a dominating out-

come (i.e., higher in every dimension) is taken with higher probability. This axiom

1Random coefficients logit is a workhorse of empirical IO (Nevo, 2000; Moon et al., 2018;

Gandhi and Nevo, 2021), popularized by the seminal paper of Berry, Levinsohn, and Pakes

(1995). It belongs to the broader class of mixed logit models, although some empirical work uses

the two terms interchangeably (see, e.g., the first paragraph in Nevo, 2000). Following Strzalecki

(2025), we reserve the term mixed logit for mixtures over unrestricted utility functions and use

random coefficients logit for mixtures of multinomial logit rules with linear utilities. See the

literature review and §3.1 for further discussion.
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places an ordinal restriction on the choice probabilities within a menu but places

no restrictions across menus. Continuity is the technical assumption that a small

change in outcomes leads to a small change in choice probabilities.

Our main axiom is independence of irrelevant decisions (IID). It is a condition

imposed on additively separable menus, or, as we shall call them, product menus.

Such menus represent situations where multiple choices are made together, and

the outcome from one choice does not affect the outcome from another. Suppose

that an individual has to choose one of the two actions from A1 “ ta, bu, and also

one of the two actions from A2 “ ts, tu. We can think of these two choices as a

combined choice in a menu with action set A “ tpa, sq, pa, tq, pb, sq, pb, tqu. When

the outcome opa1, a2q of each combined action is a sum o1pa1q`o2pa2q of outcomes

of its two components, we call pA, oq a product menu. In the rideshare example,

a product menu can correspond to the combination of two decisions at different

points in time, where additive separability is natural since revenue, time, fuel, and

mileage all aggregate across trips. Of course, not all menus of combined choices

are product menus, as there may be interactions between the choices that make

them non-separable.

IID requires that choice probabilities over A1 are the same, regardless of

whether pA1, o1q is faced in isolation or as part of the product menu pA, oq. The

axiom does not rule out correlation across separable choices: a driver who favors

shorter, less lucrative rides in the first trip may exhibit the same tendency in the

second. Instead, IID captures a weak sense in which separability translates to

behavior: decision makers’ behavior in separable choices is consistent with their

behavior when these choices are made in isolation. Importantly, for non-separable

choices, where the menu is not a product menu, IID imposes no restrictions.

From the point of view of an analyst (say, employed by the rideshare com-

pany) who wants to predict the driver’s choices, the IID assumption means that a

stochastic choice rule will give the same prediction about a particular choice, re-

gardless of whether it is considered together with other unrelated choices. Without

IID, a model may provide different predictions for the driver’s first choice of the

day, depending on whether or not the analyst included later choices in the model.

In a sense, when an analyst routinely excludes unrelated choices from their model,

they are implicitly assuming that IID holds.

Our main result is that random coefficients logit rules are the only ones that

satisfy monotonicity, continuity and IID (Theorem 1). Moreover, the coefficient

distribution is identical across all menus. Thus, even though the IID axiom only
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restricts predictions for product menus, its conjunction with monotonicity and

continuity implies that all choices—including in non-product menus—are made

according to the same rule.

This result provides a simple foundation for this widely used choice rule. It

also shows that one of the axioms is violated by any other stochastic choice rule,

including one-shot probit and separable probit. Indeed, one-shot probit violates

IID, while separable probit violates monotonicity (see §5). The theorem thus

highlights that modeling even one decision instance with a rule that is inconsistent

with random coefficients logit carries hidden global assumptions. Regardless of

how behavior is modeled on other menus, such a decision maker must either be

influenced by the presence of irrelevant decisions (violating IID), fail to choose

better actions with higher probability (violating monotonicity), or be extremely

sensitive to outcomes (violating continuity).

In our main result we model separability by the addition of the outcomes

in Rn. In §6 we carry out a similar exercise, in a setting with an abstract outcome

space and an abstract operation that captures separability. This highlights that

it is separability—rather than the particular additive structure of Rn—that is the

main driver of our results.

1.1 Related Literature

In this paper we provide an axiomatization of random coefficients logit. This term

is often conflated with mixed logit, and we follow Strzalecki (2025) to distinguish

the two. Mixed logit allows unrestricted utility heterogeneity and can approx-

imate any random utility model (McFadden and Train, 2000), so axiomatizing

mixed logit is close in spirit to axiomatizing stochastic rationality more generally

(Manski, 1977; Falmagne, 1978; McFadden and Richter, 1990; Clark, 1996). A

characterization of mixed logit along these lines was obtained by Saito (2018).

Random coefficients logit restricts heterogeneity to linear utility functions over

outcomes in Rn. This model has become the workhorse of empirical research owing

to its parsimony and flexibility: it allows for structured taste heterogeneity and

combines this with tractability and identification (see, e.g., Berry et al., 1995;

Nevo, 2000; Train, 2003; Fox et al., 2012; Moon et al., 2018; Gandhi and Nevo,

2021). To our knowledge, this paper is the first axiomatic characterization of this

economically central subclass of mixed logit rules.

The restriction to linear utilities is substantive: linear-utility mixtures do not

span all random utility behaviors unless the number of alternatives is small relative
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to the outcome dimension (Saito, 2018; Lu and Saito, 2025). Such mixtures give

rise to linear pure characteristic models (LPCM), which we discuss further in §3.1
alongside a characterization of a related class by Gul and Pesendorfer (2006).

In contrast to random coefficients logit, there is a large literature characterizing

multinomial logit. Its early popularity stemmed from analytical tractability and its

microfoundation as a random-utility model with Gumbel-distributed shocks (Luce

and Suppes, 1965; McFadden, 1974). According to Luce (1959), a choice rule ex-

hibits independence of irrelevant alternatives (IIA) if the relative probabilities for

any subset of alternatives do not depend on the presence of other alternatives in

the choice set. Luce (1959) demonstrated that any behavior satisfying IIA can

be generated by multinomial logit for some choice of (possibly nonlinear) utili-

ties. Variants of IIA have since been used to characterize various generalizations

of multinomial logit (see, e.g., Gul, Natenzon, and Pesendorfer, 2014; Echenique,

Saito, and Tserenjigmid, 2018; Ahn, Echenique, and Saito, 2018; Kovach and

Tserenjigmid, 2022). Versions of multinomial logit with linear utilities can be

characterized by augmenting IIA-type requirements with additional axioms pin-

ning down the exponential dependence of likelihood ratios on outcomes (Yellott,

1977; Cerreia-Vioglio, Maccheroni, Marinacci, and Rustichini, 2021; Breitmoser,

2021; Cerreia-Vioglio, Maccheroni, Marinacci, and Rustichini, 2022). Unlike IIA,

which constrains behavior across nearly identical menus such as those generated

by duplicating an action as in (Debreu, 1960), IID places no restrictions in such

settings and applies only to decisions made in separate, non-overlapping contexts.

A separate literature microfounds multinomial logit and related rules through

information or cognitive frictions. Matějka and McKay (2015) show that multino-

mial logit captures the behavior of a utility-maximizing individual with entropy-

based attention costs (Sims, 2003). Woodford (2014) and Mattsson and Weibull

(2002) derive related results for binary choices and costly effort, respectively.

Steiner, Stewart, and Matějka (2017) obtain an entropy-cost characterization of

dynamic logit; see also Fudenberg and Strzalecki (2015). In a multiperiod con-

text, Fudenberg, Lanzani, and Strack (2025) show that mixed probit describes the

limiting choice of an agent with bounded memory and Gaussian information. In

contrast to this literature, our paper is agnostic about the origin of logit behavior,

and instead shows that it is the only form of behavior compatible with consistent

choices across separable decision problems.

Our analysis of separability in general outcome spaces (§6) connects to a classi-
cal literature showing that choice independence across dimensions yields additively
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separable utility (Debreu, 1959; Fishburn, 1965; Segal, 1992; Wakker, 2013; Cho,

2022). Similarly, we demonstrate that choice independence across product menus

implies that choices are driven by a utility function that is additively separable

across the product components.

A closely related line of work on separability focuses on consistency of be-

havior across agents or periods. Chambers, Masatlioglu, and Turansick (2021)

and Kashaev, Plávala, and Aguiar (2024) consider the choice behavior of two

agents (or of a single agent over two periods) and study its separability, asking

whether a joint distribution over choices can be rationalized by a single distri-

bution over utility pairs. Similar cross-period separability restrictions appear in

dynamic random-utility frameworks (Frick, Iijima, and Strzalecki, 2019; Li, 2021;

Kashaev, Gauthier, and Aguiar, 2023). These papers share two features with ours:

they impose consistency across joint decisions, and they conclude that separabil-

ity pins down a stable underlying stochastic preference governing such choices.

The key conceptual difference is that our separability requirement sharply dis-

ciplines model selection, leaving only random coefficients logit. A version of our

separability-based axiomatic approach is explored by Sandomirskiy, Sung, Tamuz,

and Wincelberg (2025) in a multi-agent strategic context, where it is used to ax-

iomatize Nash and quantal response equilibria along with new solution concepts.

2 Model

Let A be a universal set of actions. We assume that this set is non-empty and

closed under the operation of forming ordered pairs. In other words, if a1, a2 P A
then the pair pa1, a2q is also an element of A. We interpret pa1, a2q as a new action

label representing the compound action of taking a1 and a2 together. Note that

this condition implies that A is infinite.2 We further assume that A is countable.

The set of possible outcomes of a decision is denoted by O. A single decision

instance is represented by a menu pA, oq, where A Ă A is a non-empty finite set of

possible actions and o : A Ñ O assigns an outcome to each action. Note that the

outcome of an action encapsulates all the information about this action relevant

to the decision-maker. In contrast, the name of the action is just a label. In

particular, the same action may appear in different menus and result in different

outcomes.

The key setting we study is O “ Rn; in §6 we generalize beyond Rn. To build

2Indeed, if a P A, then pa, aq P A, and hence ppa, aq, aq P A, and so on.

6



intuition it is useful to keep in mind the example of O “ R. This benchmark out-

come space can be used to model decision-makers who compare actions by a single

number, such as their monetary reward—and we accordingly refer to outcomes as

payoffs. We use O “ R in the examples used to illustrate the definitions of this

section.

We display a menu by showing each action’s outcome below it. For example,

pA, oq “

"

a

3.14

b

´17

*

is a menu with two actions, choosing a or b, with the former having an outcome

of 3.14 and the latter having an outcome of ´17.

The collection of all menus is denoted by M. Thus, when O “ Rn,

M “
␣

pA, oq : A Ă A is finite and non-empty, o : A Ñ Rn
(

.

Since actions and outcomes are specified separately, two menus may have the same

action set but assign different outcomes to its elements.

This framework sits between two standard stochastic-choice domains. In the

classical random-utility tradition, a decision problem is a set of primitive alter-

natives, and all choice-relevant information is carried by the identities of those

alternatives (see, e.g., Block and Marschak, 1959; Luce and Suppes, 1965; Fal-

magne, 1978). In pure-characteristics models, alternatives are represented directly

as points in Rn, so alternatives with the same vector are identified at the level of

the model (see, e.g., Saito, 2018; Lu and Saito, 2025). Our framework keeps these

two roles distinct. As in characteristics-based models, the relevant information

about action a in menu pA, oq is contained in opaq. However, we do not reduce

the menu to the set of outcomes opAq Ă Rn. Retaining action labels lets us form

compound actions, such as pa1, a2q, and relate actions across different menus. The

roles played by actions and outcomes in our framework fit the game-theoretic

tradition in which the actions available to a player are mere labels and only the

payoffs matter; indeed, for O “ R, a menu pA, oq can be viewed as a one-player

normal-form game with action set A and payoff function o.

A stochastic choice rule is a map Φ that assigns to each menu pA, oq P M a

probability distribution over A. We denote by Φpa | A, oq the probability that

ΦpA, oq assigns to a P A. We think of Φ as describing or predicting the choices of

a decision maker across different situations.

One family of widely used stochastic choice rules consists of the independent
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additive random utility models (IARU), which are given by

IARUu
pa | A, oq “ P

”

upopaqq ` εa “ max
bPA

upopbqq ` εb

ı

,

where u : Rn Ñ R is a utility function and pεbqbPA are independent shocks with a

common continuous CDF F .

When these shocks follow the Gumbel distribution, i.e., F ptq “ expp´ expp´tqq,

this is the multinomial logit rule (MNL), which is given by

MNLu
pa | A, oq “

exppupopaqqq
ř

bPA exppupopbqqq
.

A particularly important subclass is linear multinomial logit, in which upxq “ β ¨x

for some β P Rn:

MNLβ
pa | A, oq “

exppβ ¨ opaqq
ř

bPA exppβ ¨ opbqq
.

Multinomial logit is commonly used in the empirical literature for its computa-

tional tractability, but it does not allow for random taste variation and various

substitution patterns (Train, 2003). These limitations are overcome by the ran-

dom coefficients logit rule (RCL), which is a weighted average of linear multinomial

logit rules, given by

RCLµ
pa | A, oq “

ż

MNLβ
pa | A, oq dµpβq.

It is parameterized by a probability measure µ over the logit parameter β P Rn.

More generally than random coefficients logit, one can consider mixtures of (non-

linear) multinomial logit rules, which is the class of mixed logit rules. In the

empirical literature these terms are often conflated (Nevo, 2000; Gandhi and Nevo,

2021), but in our setting the difference is important, as we discuss in §3.1.

We consider several properties of stochastic choice rules. The first one is mono-

tonicity. We consider the set of outcomes Rn together with the usual component-

wise partial order ě, so that higher outcomes are universally preferred.3 Mono-

tonicity reflects this preference. In particular, it limits the possible influence of

action labels on choice behavior.4

3Our results hold more generally for any partial order, including the trivial one in which each

outcome is only comparable to itself. In §6 we formally consider general partial orders.
4While our model is motivated by the view that only outcomes matter to the decision maker,

we do not directly impose this as an axiom or hardwire it into the definition of a choice rule.

Nevertheless, dependence on labels will be ruled out by the combination of the other axioms we

impose.
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Axiom 1 (Monotonicity). A rule Φ is monotone if for any menu pA, oq in M
and any a, a1 P A such that opaq ě opa1q it holds that Φpa | A, oq ě Φpa1 | A, oq.

Note that this axiom does not impose any constraints across menus, but only

within a given menu.

Monotonicity is satisfied by all IARU models with monotone utilities. More-

over, the class of stochastic choice rules that satisfy monotonicity is convex, i.e.,

a mixture of monotone rules is monotone. In particular, random coefficients logit

rules whose coefficient distributions are supported on Rn
ě0 satisfy monotonicity.

For a fixed set of actions A, we say that a sequence of menus pA, onq converges

to pA, oq if limn onpaq “ opaq for all a P A.

Axiom 2 (Continuity). A rule Φ is continuous if for any sequence of menus

pA, onq from M converging to pA, oq, we have limnΦpa | A, onq “ Φpa | A, oq for

all a P A.

Alternatively put, continuity stipulates that very small changes in the outcomes

result in very small changes in choice probabilities. This axiom excludes stochastic

choice rules that describe individuals who pay excessive attention to even negligible

differences in outcomes. For instance, it is violated by rules for O “ R that always

select one of the highest-outcome actions, regardless of how small the advantage

is. Nevertheless, continuity is a common modeling choice made for good reason:

people do not always choose the dominant action, especially when the difference

between outcomes is minuscule.

Our main axioms concern choice rule predictions on menus that represent mul-

tiple decisions with additively separable outcomes. We say that pA, oq is a product

menu if

A “ A1 ˆ A2 and opa1, a2q “ o1pa1q ` o2pa2q. (1)

That is, A consists of action pairs a “ pa1, a2q with a1 P A1 and a2 P A2, and

the outcome assigned to each pair is additively separable. We write pA, oq “

pA1, o1q b pA2, o2q and refer to pA, oq as the product of pA1, o1q and pA2, o2q.

For example, suppose an experimenter runs two tests consecutively on the same

subject. In the first test, the subject chooses between two actions a and b, and

receives payoff 0 or 1, respectively. In the second, the subject chooses between s

and t, and again receives 0 or 1. Indeed, many experiments contain comprehension

questions and pay subjects for each correct answer.

The first test would be well-modeled by the menu pA1, o1q, with A1 “ ta, bu

and o1paq “ 0, o1pbq “ 1. Likewise, the second test would be well-modeled by
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pA2, o2q, with A2 “ ts, tu and o2psq “ 0, o2ptq “ 1. The joint decision the subject

faces is the product menu

pA, oq “

"

a

0

b

1

*

b

"

s

0

t

1

*

“

"

(a,s)

0

(a,t)

1

(b,s)

1

(b,t)

2

*

“

$

’

&

’

%

s t

a 0 1

b 1 2

,

/

.

/

-

.

Alternatively, the experimenter could only award the subject if both questions

are answered correctly. This experiment would be well-modeled by the menu

pA, o1
q “

"

(a,s)

0

(a,t)

0

(b,s)

0

(b,t)

1

*

“

$

’

&

’

%

s t

a 0 0

b 0 1

,

/

.

/

-

.

This is not a product menu, even though the action set is a product set (indeed,

the same product set), because the outcomes are not additively separable. This

example highlights that we do not assume that arbitrary combinations of decisions

give rise to product menus. While any such combination involves taking the

Cartesian product of the underlying action sets, the associated outcomes need not

take the separable form (1).

For an example with O “ Rn, consider the setting of a rideshare driver who

faces decisions of which of several trips to accept. Each menu corresponds to a

choice at a particular time. The actions in a menu are (meaningless) labels of trips,

and the outcome associated to each action is a tuple pr,´t,´g,´mq corresponding

to the revenue from the trip, the time the trip will take, the gas it will consume and

the mileage it will cover. A product menu corresponds to the combined decision in

two subsequent rides, where separability is natural, as all the above quantities are

added across trips. Beyond the specific example of a driver, the decision maker can

be thought of as a business owner, facing the choice of which jobs to accept, with

a vector of various quantities describing the possible outcomes. Quantities could

also include risk (e.g., the variance of the revenue or of other uncertain outcomes).

A similar interpretation is that the decision maker is a consumer, and outcomes

represent consumption bundles.

A multidimensional outcome space can also capture choice under ambiguity.

Let Θ be a finite set of states. An outcome x is a function x : Θ Ñ R, specifying
state-contingent payoffs. That is, x is a Savage act and the space of all outcomes

can be identified with O “ RΘ. A decision-maker is ambiguous about the state

θ P Θ and so may take into account all the possible values xθ. Product menus then

correspond to combinations of two decisions leading to separable state-contingent

payoffs.
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Our main axiom, IID, restricts the choice rule only on product menus. It

requires that choice predictions for a product menu be consistent with predictions

for each component considered separately. We begin by discussing a stronger

assumption, which additionally requires statistical independence of choices across

the two dimensions of a product menu.

Axiom 3 (Decomposability). A rule Φ satisfies decomposability if for all prod-

uct menus pA, oq “ pA1, o1q b pA2, o2q in M, it holds that

Φppa1, a2q | A, oq “ Φpa1 | A1, o1q ¨ Φpa2 | A2, o2q

for all pa1, a2q P A.

For example, suppose we observe the choice probabilities of pA1, o1q and pA2, o2q

to be

Φ

ˆ

a

0

b

1

˙

“ Φ

ˆ

s

0

t

1

˙

“ p1{3, 2{3q.

Decomposability requires that for the product menu,

Φ

¨

˚

˝

s t

a 0 1

b 1 2

˛

‹

‚

“

s t

a 1{9 2{9

b 2{9 4{9

.

Decomposability means that, for product menus, the prediction is the same

as when that decision is made in isolation. Moreover, the predicted distribution

is statistically independent across the two dimensions. In the experimental lab

example, this would imply that subjects choose the wrong answer independently

in the two questions they are asked, when they are rewarded separately for each

correct answer. Decomposability imposes no restriction on predicted behavior in

situations where subjects are rewarded only for answering both questions correctly,

as such situations do not correspond to product menus.

While decomposability is a simple separability assumption, in some settings

its independence component may be unrealistic, especially in the presence of un-

observable heterogeneity. In the lab example, one could expect that subjects who

answer the first question correctly are more likely to also answer the second cor-

rectly. In the driver example, it is natural to expect that the choices a driver

makes through the day are not necessarily independent of each other.

The IID axiom is a weakening of decomposability, allowing for such correlations

while maintaining consistency with predictions for the components. Given a prod-

uct menu pA, oq “ pA1, o1q b pA2, o2q, we denote the marginal choice probability
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of a1 P A1 by

Φpa1 | A, oq “
ÿ

a2PA2

Φ ppa1, a2q | A, oq .

Axiom 4 (IID). A rule Φ satisfies independence of irrelevant decisions if

for all product menus pA, oq “ pA1, o1q b pA2, o2q in M, it holds that

Φpa1 | A, oq “ Φpa1 | A1, o1q (2)

for all a1 P A1.

For example, for the menu pA, oq “ pA1, o1q b pA2, o2q above, IID implies that

if

Φ

ˆ

a

0

b

1

˙

“ Φ

ˆ

s

0

t

1

˙

“ p1{3, 2{3q,

then

Φpa | A, oq “ Φppa, sq | A, oq ` Φppa, tq | A, oq “
1

3
.

Thus, IID allows for predictions such as

Φ

¨

˚

˝

s t

a 0 1

b 1 2

˛

‹

‚

“

s t

a 1{6 1{6

b 1{6 3{6

,

which is not a product measure, but it does not allow

Φ

¨

˚

˝

s t

a 0 1

b 1 2

˛

‹

‚

“

s t

a 1{8 2{8

b 2{8 3{8

.

Like decomposability, the IID axiom imposes no restrictions on choice rule predic-

tions for non-product menus such as pA, o1q.

IID means that predictions are independent of the inclusion of an unrelated

menu into the analysis. In other words, for product menus, the predicted choice

frequency of an action in the first dimension is consistent with predictions when

only that dimension is considered. Without the assumption of IID, a modeler

would have to include all irrelevant decisions that the population faces in order to

make an accurate prediction.

IID is satisfied by random coefficients logit, and in particular is satisfied by

linear multinomial logit, which moreover satisfies decomposability. The class of
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rules that satisfy IID is very large. For instance, we can construct such a rule Φ by

specifying any choice distribution on each non-product menu, and then defining

Φ on product menus to be the product measure given by Φ on each component

menu. This construction will in fact satisfy decomposability, and is very flexible.

A natural example of this sort is a class of models that we call separable IARU

(SIARU), which is defined as follows. Fix a utility u : Rn Ñ R. For non-product

menus,5 it coincides with the one-shot rule IARUu. For product menus, it is given

by

SIARUu
ppa1, a2q | A, oq “ SIARUu

pa1 | A1, o1q ¨ SIARUu
pa2 | A2, o2q. (3)

That is, choices are made independently in each dimension. For example, if a

consumer makes two unrelated choices—e.g., purchasing a milk and a soap—they

choose the best milk subject to some noise and the best soap subject to some

additional noise, with the noises independent for the two choices. Such a model

could also be applied in a dynamic setting: a consumer chooses milk both today

and tomorrow, and faces independent shocks for the two periods.6 See §5 for a

formal definition and discussion.

2.1 Implications of the Axioms

The main result of this paper is a characterization of all monotone, continuous

rules that satisfy IID. Before presenting our main result, we illustrate that while

each of these axioms on its own is rather weak, together they have surprisingly

strong implications, and already for O “ R.
For example, consider an analyst who is interested in choice probabilities in

the menu

pA, oq “

!a1
0

a2
2

a3
7

)

.

Suppose that the analyst observes the choice probability of the action a1 to be

5%, i.e., Φpa1 | A, oq “ 5%.

Clearly, monotonicity implies Φpa3 | A, oq ě 47.5%, since Φpa2 | A, oq ` Φpa3 |

A, oq “ 95% and Φpa2 | A, oq ď Φpa3 | A, oq. Without monotonicity, IID yields

no constraints for Φpa3 | A, oq, since pA, oq is not a product menu (indeed, even

decomposability has no further implications). Naively, the combination of mono-

tonicity and IID does not seem to imply any further constraints.

5For present purposes, these include products in which one of the menus is trivial, in the

sense that it includes only one action.
6We thank an anonymous referee for suggesting this example.
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Surprisingly, this intuition is wrong. It turns out that if we assume that Φ is

monotone and satisfies IID, then Φpa1 | A, oq “ 5% implies that Φpa3 | A, oq ě

83.8%. This bound is tight: if we make the stronger assumption that Φ is mono-

tone and decomposable, then Φpa1 | A, oq “ 5% implies that Φpa3 | A, oq “ 83.8%.

As we explain in detail below, this is a consequence of our main results. Fur-

thermore, there is a unique Φ that is monotone, decomposable, continuous, and

satisfies Φpa1 | A, oq “ 5%; see Appendix §F for details.

3 IID and Random Coefficients Logit

Consider the outcome space O “ Rn. For µ supported on Rn
ě0, the random

coefficients logit rule given by

RCLµ
“

ż

MNLβ dµpβq (4)

satisfies monotonicity, continuity, and IID. Our main theorem states that no other

rules satisfy these axioms.

Theorem 1. Let Φ satisfy monotonicity, continuity, and IID. Then Φ coincides

with a random coefficients logit rule RCLµ for some µ supported on Rn
ě0.

The theorem is proved in §7 for O “ R and the multidimensional case is

covered in Appendix C. Some of the core ideas are explained in §4.
An interpretation of the theorem is that any decision maker satisfying the

assumptions behaves as a stochastic utility maximizer with linear utility, random

taste, and random noise level: the taste is encoded by the direction of β, while

the noise level is inversely proportional to its magnitude. The variation in β may

reflect heterogeneity across a population or variability of the internal state of a

single individual. Conditional on each realization of β, choices follow a linear

multinomial logit rule. The realized β is unobservable and thus the observable

choice takes the form of a mixture over such logits, with mixing distribution µ.

Notably, the fact that choice probabilities follow a random utility model emerges

from the axioms and is not assumed a priori.

In the one-dimensional case O “ R where outcomes are interpreted as payoffs,

β P Rě0 determines the (random) noise level of a decision maker who is optimiz-

ing, but may stochastically choose a dominated outcome. In the example of the

rideshare driver with outcomes pr,´t,´g,´mq where the revenue r is measured

in dollars, we can write β “ γ ¨ p, where γ is in Rě0 and p “ pp1, p2, p3, p4q is a

non-negative vector normalized to p1 “ 1. We can now interpret the components
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p2, p3 and p4 as the prices that the driver assigns to their time, gas and mileage.

The driver is stochastically optimizing their expected profit, with noise γ. In the

choice under ambiguity example, where outcomes are vectors of payoffs indexed

by state θ, one can instead normalize p to sum to one, recasting it as a probability

measure over the state space Θ. Under this normalization, the decision maker

becomes a Bayesian stochastic expected payoff maximizer.

When some coordinates of the outcome vector represent costs rather than

payoffs, it is natural to adjust the notion of monotonicity so that the decision

maker favors actions with lower values in those coordinates.7 Theorem 1 extends

straightforwardly to arbitrary partial orders on Rn, since its proof invokes the

monotonicity axiom only to ensure that two actions with identical outcomes are

chosen with equal probability. Accordingly, if monotonicity is imposed with re-

spect to a given partial order ě1 on Rn, the corresponding version of Theorem 1

states that the rule coincides with RCLµ for a measure µ supported on the set of

β P Rn for which the linear function x Ñ β ¨ x is ě1-monotone. At the extreme,

taking ě1 to be the trivial order (x ě1 y if and only if x “ y) reduces monotonicity

to the requirement that equal-outcome actions are selected with equal probability,

and µ can be supported on all of Rn. We discuss monotonicity with respect to

general partial orders further in §6.
The theorem highlights several additional consequences of the axioms, beyond

explicitly characterizing the form of choice rules consistent with them. First, while

our definition of a stochastic choice rule and each axiom in isolation permit depen-

dence on action labels, the axioms jointly rule this out: only the profile of outcomes

in the menu can affect choice probabilities, eliminating framing effects. Second,

although IID—the only axiom linking behavior across menus—places no restric-

tions on non-product menus by itself, its interaction with the other axioms pins

down behavior on all menus. As a result, the same random coefficients logit rule

governs choice even in compound decisions that are not representable as product

menus—for example, those involving interrelated choices or shared constraints.

7For instance, if outcomes in the rideshare example are written as pr, t, g,mq rather than

pr,´t,´g,´mq, it is natural to impose monotonicity with respect to the order ě1 on R4 defined

by pr, t, g,mq ě1 pr1, t1, g1,m1q whenever r ě r1, t ď t1, g ď g1, and m ď m1.
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3.1 Mixed Logit, Random Coefficients Logit, and Universal Approxi-

mation

It is instructive to discuss the connection between our characterization of random

coefficients logit and the universal approximation property of mixed logit rules

established by McFadden and Train (2000). Effectively, they show that any aggre-

gate choice behavior of a population of rational individuals can be approximated

with general mixed logit rules, i.e., mixtures of MNLu over different utilities u, as

long as one can choose utilities from a rich enough class such as all polynomials

of high degree.

This property of mixed logit highlights that it is an extremely flexible model,

making it challenging to identify and estimate. In contrast, random coefficients

logit—in which the utilities u are restricted to be linear—is widely used because

it is parsimonious and hence identifiable, while retaining sufficient flexibility to

capture many phenomena.8

Theorem 1 does not characterize the entire class of mixed logit rules, but

rather just the subclass of mixtures corresponding to linear utilities of the form

upxq “ β ¨ x, which gives rise to the random coefficients logit rules. In particular,

not all mixed logit rules satisfy IID: among the continuous and monotone ones,

IID is satisfied only by random coefficients logit.

An approximation result for random coefficients logit was explored by Lu and

Saito (2025), who show that such mixtures can approximate any linear pure char-

acteristic model (LPCM). These rules represent the aggregate choice behavior of

a population of rational individuals with linear utilities and are defined as follows

LPCMµ
pa | A, oq “

ż

1aPargmaxbPA β¨opbq

| argmaxbPA β ¨ opbq|
dµpβq.

Since MNLtβ with t Ñ `8 approximates the choice of a rational individual with

upxq “ β ¨ x, one can show that LPCMµ
pa | A, oq can be approximated by mix-

ing over such linear logits with β distributed according to µ. As limits of rules

satisfying IID and monotonicity, LPCMµ with µ supported on Rn
ě0 also satisfies

8Of course, if one expands the vector of outcomes associated with an action by adding extra

coordinates equal to non-linear functions of the original outcome vector (e.g., powers of other

coordinates, as in McFadden and Train, 2000), then the linear functions effectively describe

previously non-linear ones. However, this hurts identification, and hence cannot be over-used

(see, e.g., Fox, il Kim, Ryan, and Bajari, 2012, Assumption 2.1). Relatedly, the distinction

between linear and non-linear utilities vanishes when the number of alternatives is smaller than

the number of outcomes, as in Saito (2018).
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these axioms (this can also be verified directly). However, LPCMµ violates the

continuity assumption and thus is ruled out in Theorem 1.9

4 Correlations, Decomposability, and Linear Multinomial

Logit

The IID axiom does not preclude correlations between separable choices. In this

section we tackle two questions. First, we want to better understand what types

of correlations IID allows, once it is taken in conjunction with continuity and

monotonicity. Second, we would like to understand the implications of requir-

ing that there are no correlations, i.e., replacing IID with the stronger axiom of

decomposability.

Our first observation is that in the one-dimensional O “ R case, rules sat-

isfying IID, monotonicity and continuity (i.e., random coefficients logit rules, by

Theorem 1) cannot display negative correlations. Since variability in choice in

the one-dimensional case stems from mistakes rather than taste variations, we

interpret this result as stating that mistakes must be non-negatively correlated.

Formally, we define correlation as follows. Given a menu pA, oq and a function

f : A Ñ R we will write Φpfpaq | A, oq “
ř

a fpaqΦpa | A, oq for the expectation

of f under the probability measure Φp ¨ |A, oq. A stochastic choice rule Φ exhibits

non-negative correlation on a product menu pA, oq “ pA1, o1q b pA2, o2q if

Φ
´

o1pa1q ¨ o2pa2q
ˇ

ˇ

ˇ
A, o

¯

ě Φ
´

o1pa1q
ˇ

ˇ

ˇ
A, o

¯

¨ Φ
´

o2pa2q
ˇ

ˇ

ˇ
A, o

¯

. (5)

We say that Φ exhibits zero correlation if (5) holds with equality. A menu pA, oq

is said to be non-trivial if o is non-constant.

In the example of the lab experiment in which every correct answer yields a

payoff of one, non-negative correlation means that when a subject answers the

9A characterization of a class of rules similar to LPCM, though on a different domain, is

obtained by Gul and Pesendorfer (2006). They consider a decision maker facing finite choice

sets of lotteries and characterize random expected utility. Interpreting lottery weights as out-

come vectors, random expected utility models become mathematically equivalent to LPCM. The

key axioms are linearity, playing the role of the random-choice analogue of the von Neumann–

Morgenstern independence axiom (equivalently, invariance to affine transformations of the out-

come vectors); monotonicity across nested choice sets; and extremeness requiring that only

choices maximizing some linear utility function receive positive weight. Random coefficients

logit violates linearity because rescaling outcomes alters the relative magnitude of logit noise,

and it violates extremeness because logit assigns positive probability to every choice, including

dominated ones.
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first question correctly they are (weakly) more likely to answer the second one

correctly.

Proposition 1. For any distribution µ on R, RCLµ exhibits non-negative cor-

relation on every product menu. Moreover, RCLµ exhibits zero correlation on a

product of non-trivial menus if and only if µ is a Dirac measure.

Intuitively, because the mixing distribution µ is fixed across all menus, lower

noise levels (and thus better decisions) tend to occur simultaneously across the

components of a product menu. This pattern is a joint consequence of the three

axioms rather than of IID, which allows for arbitrary correlation in product menus.

The proof of Proposition 1 appears in §B, and is straightforward. Together

with Theorem 1, we conclude that every rule that satisfies our axioms has non-

negative correlation, which is not immediately evident from the axioms. In §5,
we provide an example demonstrating that probit models do not always exhibit

non-negative correlation, highlighting the connection between this property and

our axioms.

Next, we ask which of the rules satisfying our axioms furthermore satisfy de-

composability, i.e., exhibit no correlations across product menus. The following

result holds for outcomes O “ Rn.

Proposition 2. Let Φ satisfy monotonicity, continuity and decomposability. Then Φ

coincides with a linear multinomial logit rule MNLβ for some β P Rn
ě0.

These propositions imply the well-known fact (see Fox, il Kim, Ryan, and

Bajari, 2012) that a non-degenerate mixture of multinomial logit rules cannot itself

be a multinomial logit rule. This yields a geometric interpretation of Theorem 1:

the set of choice rules satisfying monotonicity, continuity, and IID is convex, with

multinomial logit rules as its extreme points.10

The proof of Proposition 2 appears in Appendix D, and uses Theorem 1 and

Proposition 1. We now sketch a direct proof for Proposition 2 for the case O “ R.
10An extreme point of a convex set is one that cannot be written as a non-trivial convex

combination of others. In this light, representation (4) mirrors the Choquet theorem: any choice

rule satisfying the axioms can be expressed as a mixture of extreme points. Fox, il Kim, Ryan,

and Bajari (2012) show that this representation is unique, that is RCLµ
“ RCLµ1

implies µ “ µ1,

so the space of such rules forms an infinite-dimensional simplex. This fact also follows from

Proposition 5 in §7, which is a part of the proof of our main theorem. In fact, this proposition

shows that µ is already identified by the choice probabilities on menus with integer outcomes.
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This also provides a simple explanation of the core ideas of the proof of our main

result, Theorem 1. The formal proof of Theorem 1 follows a similar path and

makes use of the De Finetti Theorem to show that Φ is a convex combination of

decomposable rules.

Suppose Φ is decomposable and monotone. We show that Φ (restricted to

menus with rational outcomes) is identified by its predictions for a single menu,

and that this implies that Φ is a multinomial logit rule. Assume we know ΦpB, rq

for

pB, rq “

"

b0
0

b1
1

*

.

For the sake of this proof sketch, suppose also that both b0 and b1 are chosen with

positive probability. Our goal is to show how this knowledge pins down Φ on any

given menu pA, oq. Since multinomial logit rules are monotone and decomposable,

this will immediately imply that Φ is a multinomial logit rule, with the parameter

β chosen to agree with Φ on pB, rq.

For clarity, consider the particular example

pA, oq “

"

a1
´17

a2
´17

a3
42

*

.

The same idea will apply to any pA, oq.

By monotonicity Φpa1 | A, oq “ Φpa2 | A, oq. We will demonstrate that Φpa2 |

A, oq and Φpa3 | A, oq satisfy a certain identity. Consider the product of pA, oq

with the n-fold product of pB, rq:

pA, oq b pB, rq b pB, rq b ¨ ¨ ¨ b pB, rq
looooooooooooooooomooooooooooooooooon

n times

, (6)

where n “ opa3q ´ opa2q “ 59. In this menu, the two actions pa3, b0, b0, . . . , b0q and

pa2, b1, b1, . . . , b1q have the same outcome, and thus have the same probability by

monotonicity. Therefore, decomposability implies

Φpa3 | A, oq ¨ Φpb0 | B, rq
59

“ Φpa2 | A, oq ¨ Φpb1 | B, rq
59. (7)

Combined with the identities Φpa1 | A, oq “ Φpa2 | A, oq and Φpa1 | A, oq ` Φpa2 |

A, oq ` Φpa3 | A, oq “ 1, this equation pins down ΦpA, oq, which is therefore

determined by ΦpB, rq. Since |B| “ 2, we can always choose β ě 0 such that

ΦpB, rq “ MNLβ
pB, rq. Since multinomial logit also satisfies the same identities,

we conclude that ΦpA, oq “ MNLβ
pA, oq.
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5 Probit Rules

Probit rules are a natural and widely used family of stochastic choice rules. In

this section we study two natural variants of these rules and explore their relation

to our axioms. For simplicity, both are defined for outcomes O “ R.
One-shot linear probit is an independent additive random utility (IARU) model

with normal shocks, so that

Probitpa | A, oq “ P
”

opaq ` εa “ max
bPA

opbq ` εb

ı

,

where εb are independent Gaussians. Separable linear probit is a separable IARU

model in which each component in a product menu receives its own independent

normal shocks (see the formal definition below). Our main result implies that these

rules must violate our axioms. We show that the popular one-shot probit rule

violates IID. Perhaps more surprisingly, we demonstrate that separable probit—

which does satisfy IID—violates monotonicity. We also show that probit rules

may exhibit negative correlation, unlike random coefficients logit.

Consider the simple one-shot probit rule with standard Gaussian Np0, 1q shocks.

We examine its predictions for the menu

pB, rq “

"

b0
0

b1
1

*

(8)

and its “square”

pC, sq “ pB, rq b pB, rq “

b0 b1

b0 0 1

b1 1 2

.

The probit predictions are

ProbitpB, rq »
b0 b1

0.24 0.76
and ProbitpC, sq »

b0 b1

b0 0.033 0.175

b1 0.175 0.617

.

Since the marginal probability of choosing b1 from pC, sq is 0.175` 0.617 “ 0.792,

which is greater than the choice probability of b1 from pB, rq, the probit rule

violates IID. We also note that, unlike multinomial logit, which exhibits zero

correlation in product menus, the probit predictions for pC, sq exhibit negative

correlation, as

Probit ppb1, b1q | C, sq » 0.617 ă 0.627 » Probit pb1 | C, sq
2 .
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The reason underlying both effects is that the Gaussian distribution’s tails are

too light. When outcome differences are large, the light tails cause probit weights

to drop too quickly, much more so than in the logit case. When the differences

are small relative to the noise variance, probit is less sensitive to those differences

than logit. This leads to insufficient mass on pb0, b0q and excessive probability on

mixed pairs like pb1, b0q and pb0, b1q, thus generating negative correlation and IID

violation.

Separable linear probit (SProbit) is a separable IARU model, where the utility

is linear and shocks are Gaussian. As in (3), it coincides with one-shot linear

probit for non-product menus, and for product menus it is given by

SProbitppa1, a2q | A, oq “ SProbitpa1 | A, oq ¨ SProbitpa2 | A, oq.

Unlike one-shot linear probit, in separable linear probit shocks are applied inde-

pendently in each dimension. Since utilities are linear, we can think of the decision

maker as choosing separately in each dimension, or choosing the best combined

choice; both yield the same choice probabilities.

By construction, separable linear probit satisfies decomposability and thus IID.

We now show that it violates monotonicity. Consider the menus

pA1, o1q “

"

a

0

b

9

*

, pA2, o2q “

"

c

0

d

6

*

, pA3, o3q “

"

e

0

f

6

*

,

and let

pA, oq “ pA1, o1q b pA2, o2q b pA3, o3q.

Let G denote the CDF of the difference of two independent standard normals, i.e.,

a normal distribution with mean zero and variance 2. Then SProbitpb | A1, o1q “

Gp9q and SProbitpd | A2, o2q “ SProbitpf | A3, o3q “ Gp6q. Since SProbit satisfies

decomposability,

SProbitppa, d, fq | A, oq “ p1 ´ Gp9qq ¨ Gp6q
2

ă Gp9q ¨ p1 ´ Gp6qq
2

“ SProbitppb, c, eq | A, oq.

This violates monotonicity, since pa, d, fq has a higher outcome opa, d, fq “ o1paq`

o2pdq ` o3pfq “ 12, while opb, c, eq “ 9. This again traces back to the light tails

of the Gaussian: the probit weights decrease too sharply, leading to a reversal of

monotonicity when the rule is extended to product menus in a decomposable way.

The results above demonstrate that widely used rules, such as probit, violate

our axioms even in very simple menus.
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6 Utility Representations for Abstract Outcome Spaces O

So far, we have focused on the outcome spaces O “ R and more generally O “ Rn,

and have studied IID and decomposability with respect to addition on these spaces.

In the case of O “ R, this is a direct assumption on how payoffs affect behavior.

In this section we take a more abstract approach that avoids using payoffs as a

primitive, elucidating the content of our assumptions. For simplicity, we focus in

this section on decomposable rules.

Let O be a metrizable topological space of outcomes, endowed with a partial

order ĺ. One example is, of course, Rn with the usual partial order. Another ex-

ample is O “ tbounded continuous f : Rě0 Ñ Ru, which can represent a decision-

maker who cares about infinite payoff streams and compares them pointwise. The

notions of a menu pA, oq, a collection of menus M, and a stochastic choice rule Φ

extend straightforwardly, as do continuity and monotonicity (with respect to ĺ).

To define product menus, we endow the outcome space O with a binary opera-

tion ˚ corresponding to combining outcomes in a separable way. To build intuition,

consider O “ R ˆ Rě0, where the first component is interpreted as the mean and

the second component as the standard deviation of a stochastic Gaussian mon-

etary reward. In this setting, product menus correspond to combined choices in

which the stochastic payoffs are independent of each other, so that the operation

˚ is given by
ˆ

m1

σ1

˙

˚

ˆ

m2

σ2

˙

“

ˆ

m1 ` m2
a

σ2
1 ` σ2

2

˙

. (9)

This structure of outcome space O implies that choice probabilities are determined

by the expectation and standard deviation. The IID axiom then implies that

choice probabilities are not affected by additional decisions that yield independent

outcomes. This captures a common assumption reflecting invariance to wealth

effects or background risk.

Formally, given two menus pA1, o1q and pA2, o2q, we define their product pA, oq “

pA1, o1q b pA2, o2q by

A “ A1 ˆ A2, and opa1, a2q “ o1pa1q ˚ o2pa2q.

A rule Φ is decomposable if

Φ
`

pa1, a2q | A, o
˘

“ Φpa1 | A1, o1q ¨ Φpa2 | A2, o2q

for all pA1, o1q, pA2, o2q P M. Decomposability is a separability assumption of

independent behavior in product menus.
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The only requirement that we impose on ˚ is the existence of an irrelevant

outcome: there exists e P O such that e ˚ x “ x ˚ e “ x for any x P O. The

decision-maker does not care about an action a having outcome e in the sense that

combining a with any other action b with outcome x does not change the decision-

maker’s perception of b. The operation ˚ defined in (9) admits the irrelevant

outcome p0, 0q. It is also commutative and associative, but in general we assume

neither commutativity nor associativity.

For simplicity, we will make an additional assumption of positivity in this

section:

Axiom 5. A rule Φ is positive if for any menu pA, oq in M and any a P A it

holds that Φpa | A, oq ą 0.

The question that we ask in this general setting is: what are the monotone,

continuous, positive, decomposable rules?

Before stating our main result of this section we will need an additional defi-

nition. A function u : O Ñ R is called a utility representation of pO, ˚q if

upx ˚ yq “ upxq ` upyq for all x, y P O. (10)

In other words, a utility representation assigns a numerical value to each outcome

so that combining outcomes in a separable way corresponds to summing their

utilities. We define monotonicity and continuity of a utility representation with

respect to the topology and partial order on the outcome space.

For example, when pO, ˚q “ pRn,`q, any linear function upxq “ β ¨ x is a

utility representation. Moreover, all continuous utility representations take this

form, which follows from a fact about the Cauchy functional equation upxq`upyq “

upx`yq.11 Monotonicity then pins down the signs of the coefficients βi: under the

standard partial order, it requires βi ě 0. Similarly, when pO, ˚q is the Gaussian

outcome space (9), the function upm,σq “ βm ` γσ2 is a utility representation.

This functional form again exhausts all continuous representations, and the natural

monotonicity requirement, which reflects that lower-variance outcomes are chosen

more frequently, yields γ ď 0.

Our usage of the term utility representation for functions u : O Ñ R satisfying

(10) can be motivated by the well-established connection between cardinal util-

ity values and separability: since we think of x ˚ y as a separable combination of

11For pO, ˚q “ pR,`q, this dates back to Cauchy; for a general Banach space, see, e.g., Kuczma

(2009).
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outcomes x and y, the identity (10) is the respective separability condition on util-

ity u. This interpretation relates our analysis to the characterization of separable

utility by Debreu (1959), who shows that choice independence across dimensions

pins down a separable utility (uniquely up to affine transformations).

In a similar vein, our second main result relates decomposability and utility

representations.

Theorem 2. Let Φ satisfy monotonicity, continuity, positivity and decomposabil-

ity for pO, ˚,ĺq. Then there exists a continuous, monotone utility representation

u of pO, ˚q such that

Φpa | A, oq “

exp
´

u
`

opaq
˘

¯

ř

bPA exp
´

u
`

opbq
˘

¯ (11)

for any menu pA, oq P M.

Informally, Theorem 2 says that there is a canonical way to assign utilities to

elements of the outcome space so that choices are governed by a multinomial logit

rule with respect to these utilities; moreover, summing these utilities corresponds

to combining outcomes in a separable way. The logit scale parameter is normalized

to one, as any positive scale factor can always be absorbed by u.

Theorem 2 is a generalization of Proposition 2, which shows a similar result

for the case of pO, ˚q “ pR,`q. Furthermore, for pO, ˚q “ pRn,`q, all continuous

utility representations are of the form β ¨ x, and so Theorem 2 is aligned with

Theorem 1 and Proposition 2. The conceptual conclusion we wish to draw from

Theorem 2 is that our main results, characterizing linear logit-type models, hinge

on the separability properties of the decomposability and IID axioms, and do not

require strong assumptions such as the additive structure of outcomes in Rn.

7 Proof of Theorem 1 for O “ R

The remainder of this paper is a proof of our main theorem, which we hope is of

technical interest in its own right. We prove the case of O “ R here and extend

to Rn in Appendix C. We first describe a classical result of De Finetti regard-

ing partially exchangeable processes. Then, using IID, we extend our stochastic

choice rules to infinite products of menus, to which we apply De Finetti’s The-

orem. Monotonicity ensures the partial exchangeability of a process defined by

the extended choice rule. The mixture of i.i.d. conclusion of De Finetti’s theorem

then implies that the choice rule is a mixture of multinomial logit rules.
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7.1 De Finetti’s Theorem for Partially Exchangeable Processes

An important tool in our proof is the De Finetti Theorem for partially exchange-

able processes. Let pX1, X2, . . .q be a sequence of random variables, each taking

values in some finite set. We denote by T the tail sigma-algebra of this sequence,

i.e., the collection of all events that depend only on the values of Xi for large

enough i and are unaffected by modifications to any finite prefix. Let pXi1 , Xi2 , . . .q

be a subsequence. We say that this subsequence is exchangeable if its joint distri-

bution is invariant to any finite permutation of the coordinates.

Suppose that N “ t1, 2, . . .u can be written as a disjoint union of infinite sets

N “ N0 Y N1 Y N2 Y ¨ ¨ ¨ . We say that pX1, X2, . . .q is partially exchangeable

with respect to this partition if its law is invariant under every finite permutation

keeping each Nk intact.

The following is a classical result due to De Finetti (1980). It is a generalization

of the well-known De Finetti Theorem for exchangeable processes.

Theorem 3 (De Finetti). Let pX1, X2, . . .q be a partially exchangeable process,

witnessed by the partition N “ N0 Y N1 Y N2 Y ¨ ¨ ¨ . Then for each k there exists

a tail-measurable random variable Fk such that, conditioned on the tail sigma-

algebra, it holds that (i) the random variables pX1, X2, . . .q are independent, and

(ii) for i P Nk the random variable Xi has distribution Fk.

The random distributions Fk are the empirical measures. That is, if ti1, i2, . . .u

is an enumeration of Nk, then

Fkpxq “ lim
n

1

n

n
ÿ

m“1

1Xim“x.

7.2 Extending Φ to Infinite Products

Let MX denote the subset of menus with outcomes in X Ď R and let M “ MR.

Since M is closed under b, a stochastic choice rule Φ is defined for any finite

product of menus. The following proposition shows that there is a unique way to

extend Φ to countable products of menus taking the form pA1, u1qbpA2, u2qb¨ ¨ ¨ .

We denote the set of all countable products of menus by M8.12

The next proposition shows that when a rule satisfies monotonicity and IID, we

can extend it to countable products of menus. Moreover, this extension satisfies

partial exchangeability.

12Formally, we may identify M8 with the set of sequences in M. We only refer to infinite

products of menus for notational convenience.
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Let pA1, o1q, pA2, o2q, . . . be a sequence of menus, and let M “ pA1, o1q b

pA2, o2q b ¨ ¨ ¨ P M8 be their product. Denote by Ω “
ś8

i“1Ai the set of se-

quences pa1, a2, . . .q corresponding to a choice in each of the menus. For a finite

product pA, oq “ pA1, o1q b ¨ ¨ ¨ b pAn, onq, a probability measure ΦpA, oq over
śn

i“1Ai describes the probability of each choice. We will extend Φ to assign to

the infinite product menu M a probability distribution over Ω. Given such a mea-

sure, denote by pX1, X2, . . .q the random variables corresponding to the choice in

each sub-menu, that is, Xipa1, a2, . . .q “ ai.

Proposition 3. If Φ satisfies monotonicity and IID, then there is a unique Ψ

defined on M8 such that for every M “ pA1, o1q b pA2, o2q b ¨ ¨ ¨ P M8, ΨpMq is

a probability measure on Ω “
ś8

i“1Ai satisfying

ΨpMq

˜

!

a P Ω
ˇ

ˇ

ˇ
a1 “ b1, a2 “ b2, . . . , an “ bn

)

¸

“ Φ

˜

`

b1, b2, . . . , bn
˘

ˇ

ˇ

ˇ

ˇ

ˇ

n
â

i“1

pAi, oiq

¸

for all n and all pb1, b2, . . . , bnq. Moreover, if N is partitioned into classes on which

the menus pAi, oiq are identical, then pX1, X2, . . .q is partially exchangeable with

respect to this partition.

Proof. Equip Ω “
ś8

i“1Ai with the product topology, under which it is compact.

Note that the sets of the form Bb1,...,bn “ ta P Ω | a1 “ b1, a2 “ b2, . . . , an “ bnu are

clopen. In particular, given n ě 1 and a probability measure µn on
śn

i“1Ai,

denote by Ppµnq the set of probability measures on Ω that agree with µn on sets

of the form Bb1,...,bn :

Ppµnq “

!

µ : µpBb1,...,bnq “ µnptpb1, . . . , bnquq

)

.

Then Ppµnq is a compact subset of the probability measures on Ω. It is also easily

seen to be nonempty.

Suppose that Φ satisfies IID. Denote by µn the measure on
śn

i“1Ai given by

Φpbn
i“1pAi, oiqq. By IID, µn`1 agrees with µn on Bb1,...,bn , so that Ppµn`1q Ď Ppµnq.

Since these sets are compact and non-empty, their intersection is non-empty, and so

there exists a probability measure µ on Ω that agrees with µn on Bb1,...,bn . Since the

latter sets generate the sigma-algebra, the measure µ is unique: tµu “ XiPpµnq.

Finally, suppose that N is partitioned as N “ N0 YN1 YN2 Y ¨ ¨ ¨ , and that for

each block Nk, pAi1 , oi1q “ pAi2 , oi2q “ ¨ ¨ ¨ for indices i1, i2, . . . from Nk. We want

to show that the law of pX1, X2, . . .q is invariant under every finite permutation

that maps each block Nk into itself. To this end, it suffices to show, without loss of

generality, that if we permute Xi1 and Xi2 then the joint distribution of any long
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enough prefix pX1, X2, . . . , Xnq of the entire sequence remains unchanged. This

follows from the monotonicity of Φ, since the joint distribution of pX1, X2, . . . , Xnq

is given by Φpbn
i“1pAi, oiqq, and by monotonicity, this distribution assigns equal

probabilities to sequences yielding the same total payoff, and payoffs are preserved

by permuting copies of the same menu, such as Xi1 and Xi2 , as long as n is larger

than both i1 and i2.

7.3 Random Coefficients Logit from De Finetti

The next proposition is the heart of the proof of Theorem 1. Recall that the linear

multinomial logit rule is given by

MNLβ
pa | A, oq “

exppβ ¨ opaqq
ř

bPA exppβ ¨ opbqq

for β P R. We extend this definition to β P t´8,`8u by letting MNL`8 be the

rule in which the decision maker chooses uniformly at random one of the actions

with the highest outcomes. Likewise, MNL´8 is the rule in which the decision

maker chooses uniformly at random one of the actions with the lowest outcomes.

We accordingly extend random coefficients logit to allow the random parameter

β to be chosen from a distribution µ over the extended reals.

Proposition 4. If Φ satisfies monotonicity and IID, then there is a random co-

efficients logit rule RCLµ with µ supported on r0,8s such that Φ|MZ “ RCLµ
|MZ.

Proof. Let pB1, u1q, pB2, u2q, . . . be an enumeration of MZ, the set of all the menus

with integer outcomes. Note that MZ is countable, because the set of actions A
is countable. We choose

pB0, u0q “

"

ℓ

0

h

1

*

.

Define the sequence of menus pA1, o1q, pA2, o2q, . . . as follows. Write the natural

numbers N “ N0 Y N1 Y N2 Y ¨ ¨ ¨ as a disjoint union of infinite sets, and given

i P Nk, set pAi, oiq “ pBk, ukq. Hence, there are infinitely many copies of each

pBk, ukq in the sequence pAi, oiqi.

By Proposition 3, there is a unique Ψ defined on M8 that marginalizes to

Φ on each finite product of menus. Recall that Ω “
ś8

i“1Ai. Let P denote the

probability measure on Ω given by Ψp
Â8

i“1pAi, oiqq, and let Xn be the coordi-

nate projections, i.e., Xnpa1, a2, . . . q “ an, with the tail σ-algebra of pX1, X2, . . . q

denoted by T .
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Fix any k ě 1. Enumerate Nk “ ti1, i2, . . .u and let

pY1, Y2, Y3, . . .q “ pXi1 , Xi2 , Xi3 , . . .q.

Enumerate N0 “ tj1, j2, . . .u and let

pZ1, Z2, Z3, . . .q “ pXj1 , Xj2 , Xj3 , . . .q.

Hence Yi corresponds to the choice in the ith copy of Bk and Zi to the ith copy

of B0.

By Proposition 3, the entire process pX1, X2, . . .q is partially exchangeable with

respect to the partition N “ N0 YN1 YN2 Y ¨ ¨ ¨ . It therefore follows by De Finetti

(Theorem 3) that there are tail-measurable random distributions F and G, where

F is a distribution over Bk and G is a distribution over B0 “ tℓ, hu, and such that

conditioned on the tail we have that pX1, X2, . . .q are independent, with Yi chosen

from F , and Zi chosen from G, so that

F pbkq “ PrYi “ bk | T s and Gpb0q “ PrZi “ b0 | T s, for any i. (12)

The distributions F and G are therefore the (random) empirical distributions of

the actions, i.e.,

F pbkq “ lim
n

1

n

n
ÿ

i“1

1Yi“bk and Gpb0q “ lim
n

1

n

n
ÿ

i“1

1Zi“b0 .

Denote

β “ log
Gphq

Gpℓq
,

and note that β is a random variable taking values in r´8,`8s. Let µ be the

distribution of β. We claim that ΦpBk, ukq is equal to RCLµ
pBk, ukq. Since k

is arbitrary, and since pBk, ukqk enumerate MZ, showing this will complete the

proof.

Choose any a, a1 P Bk such that ukpaq ě ukpa1q and let d “ ukpaq ´ ukpa1q.

By (12),

E
“

F paq ¨ Gpℓqd
‰

“ ErPrY1 “ a | T s ¨ PrZ1 “ ℓ | T s ¨ ¨ ¨PrZd “ ℓ | T ss.

Since Yi and Zi are independent conditioned on the tail,

E
“

F paq ¨ Gpℓqd
‰

“ ErPrY1 “ a, Z1 “ ℓ, . . . , Zd “ ℓ | T ss,

28



and so by the law of total expectation

E
“

F paq ¨ Gpℓqd
‰

“ PrY1 “ a, Z1 “ ℓ, . . . , Zd “ ℓs.

Note that the probability on the right hand side is the probability, under Ψ, of

choosing a in the first copy of pBk, ukq, and choosing ℓ in the first d copies of

pB0, u0q. Since Ψ agrees with Φ on finite products, and since Φ is monotone, it

follows that this probability is invariant to changing the choices to another set

that yields the same total payoff. Hence, since d “ ukpaq ´ ukpa1q,

E
“

F paq ¨ Gpℓqd
‰

“ PrY1 “ a1, Z1 “ h, . . . , Zd “ hs.

By the same argument used above, we have that the right hand side is equal to

E
“

F pa1q ¨ Gphqd
‰

, and so we have shown that

E
“

F paq ¨ Gpℓqd
‰

“ E
“

F pa1
q ¨ Gphq

d
‰

.

We will need to show a stronger version of this equality. In particular, let P be

monomial in F paq, F pa1q, Gpℓq, Gphq. Then we claim that

E
“

F paq ¨ Gpℓqd ¨ P
‰

“ E
“

F pa1
q ¨ Gphq

d
¨ P

‰

. (13)

For example, when P “ F pa1qGpℓq, then, following the argument above,

E
“

F paq ¨ Gpℓqd ¨ P
‰

“ PrY1 “ a, Z1 “ ℓ, . . . , Zd “ ℓ, Y2 “ a1, Zd`1 “ ℓs

“ PrY1 “ a1, Z1 “ h, . . . , Zd “ h, Y2 “ a1, Zd`1 “ ℓs

“ E
“

F pa1
q ¨ Gphq

d
¨ P

‰

.

The general case follows the same idea, introducing an event of the form Yi “ a,

Yi “ a1, Zi “ ℓ or Zi “ h for each term in the monomial, using distinct indices i

each time.

By the linearity of expectation, we have that (13) holds for any polynomial P .

Thus, taking P “ F paqGpℓqd ´ F pa1qGphqd, we have that ErP 2s “ 0, so that

F paqGpℓqd “ F pa1
qGphq

d almost surely. (14)

Note that if d “ 0 then this proof yields that F paq “ F pa1q almost surely. Oth-

erwise, d “ ukpaq ´ ukpa1q ą 0. Let Eh be the event that Gphq “ 0, which is the

event that β “ ´8. It follows from (14) that F paq “ 0 on Eh. Since a and a1

are an arbitrary pair such that ukpaq ą ukpa1q, we have F pbq “ 0 for any b that

does not yield lowest payoff. Likewise, we have F pcq “ 0 for any c that does not
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yield the highest payoff conditioned on the event Eℓ where Gpℓq “ 0 and β “ `8.

We thus have that conditioned on β “ `8, F “ MNL`8
pBk, ukq, and likewise

conditioned on β “ ´8, F “ MNL´8
pBk, ukq.

Outside the union of Eh and Eℓ, β is finite, and it follows from (14) that

F paq

F pa1q
“ eβpukpaq´ukpa1qq

“
eβukpaq

eβukpa1q
.

Hence, also on the event pEℓ Y Ehqc we have that F “ MNLβ
pBk, ukq. We have

thus shown that F “ MNLβ
pBk, ukq, and so

Φpa | Bk, ukq “ PrYi “ as “ ErF paqs “ E
“

MNLβ
pa | Bk, ukq

‰

“ RCLµ
pa | Bk, ukq.

By Lemma 1 from Appendix A, monotonicity implies that µ is supported on r0,8s.

7.4 Final Steps

In the next proposition, we show that the mixing measure of a random coefficients

logit rule is uniquely identified by the restriction to MZ.

Proposition 5. Suppose RCLν
|MZ “ RCLν1

|MZ with ν and ν 1 supported on r0,8s.

Then ν “ ν 1.

Proof. Given γ ą 0, define Nm “ teγmu and let pAm, o
γ
mq be the menu with

Am “ ta1, . . . , aNm , bu, o
γ
mpajq “ 0 for j “ 1, . . . , Nm, and oγmpbq “ m. Then

lim
m

MNLβ
pb | Am, o

γ
mq “ 1tβąγu `

1

2
1tβ“γu.

Hence, by dominated convergence,

lim
m

RCLν
pb | Am, o

γ
mq “ νppγ,8sq `

1

2
νptγuq.

The same identity holds for ν 1. Since the two rules agree onMZ, we get νppγ,8sq “

ν 1ppγ,8sq at every γ that is a not an atom of either ν or ν 1. Since such γ’s are

dense, the intervals pγ,8s generate all the Borel sets of r0,8s. Thus ν “ ν 1.

Given Propositions 4 and 5, we are ready to prove our main theorem.

Proof of Theorem 1 for O “ R. We first show that Φ coincides with some RCLµ

on MQ. By Proposition 4 there is some µ such that Φ restricted to MZ coincides

with RCLµ.
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Define for k “ 1, 2, . . . , the rules Φk by

Φk
pA, oq “ Φ

ˆ

A,
1

k
¨ o

˙

. (15)

Note that such rules satisfy monotonicity and IID, since Φ does. Hence, by Propo-

sition 4 again, each Φk|MZ “ RCLµk |MZ for some µk. By (15) and Proposition 5,

it follows that µ is equal to the push-forward of µk under the map β Ñ kβ.

For pA, oq P MQ, there is a positive integer k such that pA, k ¨ oq P MZ. Thus,

ΦpA, oq “ Φk
pA, k ¨ oq “ RCLµkpA, k ¨ oq “ RCLµ

pA, oq.

Thus, Φ|MQ “ RCLµ
|MQ . By Lemma 1, µ is supported on the non-negative

extended reals. By continuity, µpt`8uq “ 0. Indeed, consider menus pA, onq

where A “ ta, bu, onpaq “ 0, and onpbq “ 1
n
. By continuity and monotonicity

limn Φpa | A, onq “ 1
2
. If, however, µpt`8uq “ ε ą 0, then limnΦpa | A, onq ď

1
2
p1 ´ εq, violating continuity.

Fix any menu pA, oq and a P A. For k “ 1, 2, . . ., define ōk : A Ñ Q by ōkpaq “

1
k
rk ¨ opaqs. Since ōkpaq Ñ opaq, by continuity, we have ΦpA, oq “ limk ΦpA, ōkq.

Hence, Φ is uniquely determined by Φ|MQ . Since Φ|MQ “ RCLµ
|MQ , and since

RCLµ is continuous, it follows that Φ “ RCLµ.

8 Conclusion

This paper explores a novel approach to stochastic choice. We model the behavior

of an individual across a rich variety of situations, under the key assumption

that choices remain consistent when decisions are combined in a separable way.

Though often implicit, this assumption underpins the validity of experimental

analyses that focus on isolated decision problems. In this paper, the corresponding

IID axiom is taken as an assumption. But this assumption can be easily tested

in a lab, by providing subjects with different menus yielding carefully selected

monetary payoffs, and seeing whether their choice probabilities satisfy (2), the

defining property of IID.

While each axiom we impose is quite mild, their combination leads to a strong

conclusion: choice behavior must follow a random coefficients logit rule with a

mixing measure fixed across all contexts. This conclusion is robust to changes

in the outcome space and, plausibly, to other features of the model. While we

focus on exact adherence to the axioms, real decision-makers only satisfy them

approximately. We believe our framework can be extended to accommodate such
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deviations—approximate equality in the definition of IID or approximate inequal-

ity in the definition of monotonicity—to yield approximate random coefficients

logit.

In our approach, a choice rule predicts behavior in any decision problem, mod-

eled as a finite collection of vectors interpreted as observable covariates and as-

sociated with action labels. As is standard in full-domain characterizations, the

axioms are imposed on the entire domain. The practical counterpart of this con-

ceptual exercise is that the analyst assumes the decision maker could in principle

face a rich class of menus, and that behavior across these menus would respect

separability. This assumption may be motivated by observations from a limited

set of decisions, but complete verification would require observing behavior on the

whole domain. Once this assumption is adopted, the analyst is naturally led to the

random coefficients logit rule, which can then be estimated using a smaller subset

of menus. Whether a variant of our axiomatic approach can deliver a (possibly

approximate) characterization on a smaller domain remains a natural question for

future work.
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Birkhäuser Basel, 2009.

R. Li. Dynamic random choice. arXiv preprint arXiv:2102.00143, 2021.

J. Lu and K. Saito. Mixed logit versus pure characteristics models. 2025.

R. D. Luce. Individual choice behavior, volume 4. Wiley New York, 1959.

R. D. Luce and P. Suppes. Preferences, utility and subjective probability. Hand-

book of Mathematical Psychology, pages 249–410, 1965.

C. F. Manski. The structure of random utility models. Theory and decision, 8(3):

229, 1977.
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A Monotonicity of Random Coefficients Logit

Recall that an extended random coefficients logit is given by RCLµ for some mea-

sure µ on the extended reals. The following lemma shows that in extended random

coefficients logit the distribution of the random response parameter must be sup-

ported on the non-negative extended reals in order to achieve monotonicity.

Lemma 1. The extended random coefficients logit rule with random parameter

β „ µ satisfies monotonicity if and only if it satisfies monotonicity for menus in

MZ if and only if µpr´8, 0qq “ 0.

Proof of Lemma 1. Define, for k “ 1, 2, . . . , pA, okq “ pta, b, cu, p0, 1, kqq, and sup-

pose, for the sake of contradiction, that µpr´8, 0qq ą 0. Then

lim
k

ΦpA, okqpaq “
1

3
µp0q ` lim

k

ż

r´8,0q

1

1 ` eβ ` eβ¨k
dµpβq

“
1

3
µp0q `

ż

r´8,0q

1

1 ` eβ
dµpβq

ą
1

3
µp0q `

ż

r´8,0q

eβ

1 ` eβ
dµpβq “ lim

k
ΦpA, okqpbq,

so monotonicity is violated for large enough k. On the other hand, when µpr´8, 0qq “

0, it is clear that RCLµ satisfies monotonicity.

B Proof of Proposition 1

Lemma 2 (See, e.g., Hardy, Littlewood, and Pólya (1952)). If f, g : R Ñ R are

strictly increasing functions, µ is a probability measure, and f , g, and fg are µ-

integrable, then
ş

fg dµ ě
ş

f dµ ¨
ş

g dµ, with equality if and only if µ is a Dirac

measure.

Lemma 3. Let pA, oq be a menu, and let

fpβq “
ÿ

aPA

opaq ¨ MNLβ
pa | A, oq.

Then fpβq is increasing in β, and strictly increasing if A is non-trivial.
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Proof. Let A “ ta1, ¨ ¨ ¨ , anu and denote ui “ opaiq. Let dpβq “
ř

i e
βui . Then

d1
pβq “

ÿ

i

ui ¨ eβui , d2
pβq “

ÿ

i

u2
i ¨ eβui .

We can rewrite fpβq as

fpβq “
d1pβq

dpβq
,

and

f 1
pβq “ ´

d1pβq2

dpβq2
`

d2pβq

dpβq
“ ´

1

dpβq2
pd1

pβq
2

´ dpβq ¨ d2
pβqq.

By the Cauchy-Schwarz inequality, we have

d1
pβq

2
´ dpβq ¨ d2

pβq “

˜

ÿ

i

ui ¨ eβui

¸2

´

˜

ÿ

i

eβui

¸

¨

˜

ÿ

i

u2
i ¨ eβui

¸

ď 0,

where the equality holds when ui ¨
?
eβui “ const ¨

?
eβui for all i, i.e., when ui itself

is a constant.

Proof of Proposition 1. Let pA, oq “ pA1, o1q b pA2, o2q be a product of non-trivial

menus and let

f1pβq “
ÿ

aPA1

o1paq ¨ MNLβ
pa | A1, o1q

and

f2pβq “
ÿ

aPA2

o2paq ¨ MNLβ
pa | A2, o2q.

It follows that

ÿ

aPA1

ÿ

bPA2

o1paq ¨ o2pbq ¨ RCLµ
ppa, bq | A, oq

“
ÿ

aPA1

ÿ

bPA2

o1paq ¨ o2pbq ¨

ż

MNLβ
ppa, bq | A, oq dµpβq

“

ż

ÿ

aPA1

ÿ

bPA2

o1paq ¨ o2pbq ¨ MNLβ
ppa, bq | A, oq dµpβq,

by a change of the order of summation. By the decomposability of MNLβ,

“

ż

ÿ

aPA1

ÿ

bPA2

o1paq ¨ o2pbq ¨ MNLβ
pa | A1, o1q ¨ MNLβ

pb | A2, o2q dµpβq

“

ż

ÿ

aPA1

o1paq ¨ MNLβ
pa | A1, o1q

ÿ

bPA2

o2pbq ¨ MNLβ
pb | A2, o2q dµpβq

“

ż

f1pβqf2pβq dµpβq.
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Since f1 and f2 are strictly increasing in β (Lemma 3),

ě

ˆ
ż

f1pβq dµpβq

˙

¨

ˆ
ż

f2pβq dµpβq

˙

“

˜

ÿ

aPA1

o1paq ¨ RCLµ
pa | A1, o1q

¸

¨

˜

ÿ

bPA2

o2pbq ¨ RCLµ
pb | A2, o2q

¸

.

Moreover, by Lemma 2, the inequality holds with equality if and only if µ is a

Dirac measure.

C Proof of Theorem 1 for O “ Rn with n ě 2

Proof. Let Φ be a monotone, continuous rule on MRn satisfying IID. Let B “

te1, . . . , enu denote the basis of standard unit vectors of Rn. For t “ 1, . . . , n,

define the rule Λt on MR by ΛtpA, oq “ ΦpA, o ¨ etq, where o ¨ et : A Ñ Rn maps a

to opaq ¨ et.

Since Λt satisfies monotonicity, continuity and IID, the one-dimensional case

proved in §7 gives Λt “ RCLνt for some νt supported on Rě0.

Let pBn`1, un`1q, pBn`2, un`2q, . . . be an enumeration of MZn , the set of all

the menus with outcomes in Zn. Note that MZn is countable, because the set of

actions A is countable. For t “ 1, . . . , n choose

pBt, utq “

"

ℓt
0

ht

et

*

. (16)

Since pBn`1, un`1q, pBn`2, un`2q, . . . is an enumeration, the menus (16) will appear

twice in pB1, u1q, pB2, u2q, . . ..

Define the sequence of menus pA1, o1q, pA2, o2q, . . . in MZn as follows. Write

the natural numbers N “ N1 Y N2 Y ¨ ¨ ¨ as a disjoint union of infinite sets, and

given i P Nk, set pAi, oiq “ pBk, ukq. Hence, there are infinitely many copies of

each pBk, ukq in the sequence pAi, oiqi. Let Ω “
ś8

i“1Ai. By Proposition 3, there

is a unique Ψ defined on M8
Rn that marginalizes to Φ on each finite product of

menus.13 Let P denote the probability measure on Ω given by Ψp
Â8

i“1pAi, oiqq,

and let Xn be the coordinate projections, i.e., Xnpa1, a2, . . . q “ an, with the tail

σ-algebra of pX1, X2, . . . q denoted by T .

Fix any k ą n. Enumerate Nk “ ti1, i2, . . .u and let

pY1, Y2, Y3, . . .q “ pXi1 , Xi2 , Xi3 , . . .q.

13Formally, Proposition 3 is stated for MR, but the exact same proof applies to MRn .
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For t “ 1, . . . , n, let Nt “ tjt1, j
t
2, . . .u. Let

pZt
1, Z

t
2, Z

t
3, . . .q “ pXjt1

, Xjt2
, Xjt3

, . . .q,

Hence Yi corresponds to the choice in the ith copy of Bk and Zt
i to the ith copy

of Bt, as defined in (16).

By Proposition 3, we know that pY1, Y2, . . .q are exchangeable, as are pZt
1, Z

t
2, . . .q.

It therefore follows by De Finetti (Theorem 3) that there are tail-measurable ran-

dom distributions F,G1, . . . , Gn, where F is a distribution over Bk and Gt is a

distribution over Bt “ tℓt, htu, and such that conditioned on the tail we have that

pX1, X2, . . .q are independent, with Yi chosen from F , and Zt
i chosen from Gt, so

that

F pbkq “ PrYi “ bk | T s and Gtpbtq “ PrZt
i “ bt | T s, for any i. (17)

The distributions F,G1, . . . , Gn are therefore the (random) empirical distributions

of the actions, i.e.,

F pbkq “ lim
n

1

n

n
ÿ

i“1

1Yi“bk and Gtpbtq “ lim
n

1

n

n
ÿ

i“1

1Zt
i “bt a.s.

Denote by β the n-dimensional random variable with coordinates

βt “ log
Gtphtq

Gtpℓtq
,

and note that β takes values in r´8,`8sn. Let µ be the distribution of β and µt

be the marginal distribution of βt.

We claim that ΦpBk, ukq is equal to RCLµ
pBk, ukq. To this end, choose any

a, a1 P Bk, let dt denote the t-th coordinate of ukpaq ´ ukpa1q, and let d`
t “

maxtdt, 0u and d´
t “ maxt´dt, 0u. By (17), Yi and Z1

i , . . . , Z
n
i are independent

conditioned on the tail. By the same argument used in the proof of Proposition 4

we conclude that

F paq ¨ G1pℓ1q
d`
1 ¨ ¨ ¨Gnpℓnq

d`
n ¨ G1ph1q

d´
1 ¨ ¨ ¨Gnphnq

d´
n

“ F pa1
q ¨ G1pℓ1q

d´
1 ¨ ¨ ¨Gnpℓnq

d´
n ¨ G1ph1q

d`
1 ¨ ¨ ¨Gnphnq

d`
n almost surely. (18)

Let Rt denote the one-dimensional vector space spanned by et. Note that for

pBk, ukq P MRt , d
`
i “ d´

i “ 0 for all i ‰ t. Hence, in this case we have

F paq

F pa1q
“ eβtdt “

eβtukpaqt

eβtukpa1qt
,

39



and we may conclude that Λt|MZ “ RCLµt |MZ . Thus, by Proposition 5, µt “ νt, so

the support of µt is contained in Rě0. Thus, β is finite (and F is non-degenerate)

almost surely. For any pBk, ukq it follows from (18) that

F paq

F pa1q
“ eβ¨pukpaq´ukpa1qq

“
eβ¨ukpaq

eβ¨ukpa1q
.

We have thus shown that F “ MNLβ
pBk, ukq, and so

Φpa | Bk, ukq “ PrYi “ as “ ErF paqs “ ErMNLβ
pa | Bk, ukqs “ RCLµ

pa | Bk, ukq.

We now show that Φ|MQn “ RCLµ
|MQn . As in the proof of the one-dimensional

case, we define, for k “ 1, 2, . . . ,

Φk
pA, oq “ Φ

ˆ

A,
1

k
¨ o

˙

.

The integer-outcome argument above applies to each Φk, so Φk|MZn “ RCLµk |MZn

for some measure µk on Rn
ě0. Let µ̃k be the image of µk under the map β Ñ kβ.

We claim that µ “ µ̃k.

We use the following identification fact generalizing Proposition 5. Let ν, ν 1

be mixing measures on Rn
ě0 such that RCLν

|MZn “ RCLν1

|MZn . We claim that

ν “ ν 1. Fix nonempty S Ď t1, . . . , nu and γ P RS
ą0. For t P S, setNt,m “ teγtmu and

consider the menu with Nt,m actions of outcome 0 and one action bt of outcome

met. In the product of these menus over t P S, the probability of choosing all

distinguished actions under MNLβ converges to

ź

tPS

ˆ

1tβtąγtu `
1

2
1tβt“γtu

˙

.

Thus, whenever the coordinates of γ are not atoms of the corresponding one-

dimensional marginals,

νptβt ą γt @t P Suq “ ν 1
ptβt ą γt @t P Suq.

Such γ’s are dense. Hence, the corresponding upper cylinders, together with Rn
ě0,

generate the Borel sets of Rn
ě0.

14

Applying this identification fact with ν “ µ and ν 1 “ µ̃k, we obtain µ “ µ̃k.

Now consider pA, oq P MQn and choose a positive integer k such that pA, k ¨ oq P

MZn . Thus,

ΦpA, oq “ Φk
pA, k ¨ oq “ RCLµkpA, k ¨ oq “ RCLµ

pA, oq.

14The sets with S “ t1, . . . , nu are enough to generate the Borel sigma-algebra of Rn
ą0.

Smaller S are needed for the faces of Rn
ě0, where some coordinates are zero.
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Thus, Φ|MQn “ RCLµ
|MQn . Fix any menu pA, oq and a P A. For k “ 1, 2, . . ., define

ōk : A Ñ Qn by ōkpaq “ 1
k
rk ¨ opaqs, where the ceiling is applied componentwise.

Since ōkpaq Ñ opaq, by continuity, we have ΦpA, oq “ limk ΦpA, ōkq. Hence, Φ is

uniquely determined by Φ|MQn . Since Φ|MQn “ RCLµ
|MQn , and since RCLµ is

continuous, it follows that Φ “ RCLµ.

In some natural applications of stochastic choice, outcomes are limited to a

subset of Euclidean space, such as the positive orthant. Our characterization

still applies, provided the outcome space is rich enough. Indeed, as the following

corollary shows, a stochastic choice rule defined for menus with outcomes in a

convex cone that satisfies the axioms can be extended to a rule on Rn that satisfies

the axioms.

Corollary 1. Let C Ď Rn be a full-dimensional convex cone, and let Φ be a

stochastic choice rule on MC that satisfies monotonicity, continuity, and IID.

Then Φ “ RCLµ for some µ supported on Rn
ě0.

Proof. Let C and Φ be as in the corollary. Define Ψ on MRn by ΨpA, oq “

ΦpA, o ` cq, where c P C is such that opaq ` c P C for all a P A. By IID, this

definition does not depend on the choice of c. To see this, suppose c and c1 are

both admissible shifts. By the cone property, c ` c1 is also admissible. Applying

IID to the product of pA, o ` cq with a singleton menu having outcome c1 gives

ΦpA, o`cq “ ΦpA, o`c`c1q, and, similarly, applying IID to the product of pA, o`c1q

with a singleton menu having outcome c results in ΦpA, o ` c1q “ ΦpA, o ` c ` c1q.

Hence ΦpA, o ` cq “ ΦpA, o ` c1q, so Ψ is well-defined. It is obvious that Ψ is

monotone. Ψ is moreover continuous as the same c from the interior of C works

for all menus sufficiently close to pA, oq. Finally, for ΨpA1, o1q “ ΦpA1, o1 ` c1q

and ΨpA2, o2q “ ΦpA2, o2 ` c2q and pA, oq “ pA1, o1q b pA2, o2q, we have

Ψpa1 | A, oq “ Φpa1 | A, o ` c1 ` c2q “ Φpa1 | A1, o1 ` c1q “ Ψpa1 | A1, o1q,

for all a1 P A1. Thus Ψ satisfies IID and is a random coefficients logit rule. Since

Ψ agrees with Φ on C, Φ is a random coefficients logit rule.

D Proof of Proposition 2

Proof. Since decomposability implies IID, by Theorem 1, Φ “ RCLµ for some µ

supported on Rn
ě0. For k “ 1, . . . , n, define the stochastic choice rule Φk for the
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outcome space O “ R by Φkpa | A, oq “ Φpa | A, okq, where okpaq “ opaq ¨ ek

where ek is the standard basis vector whose kth component is 1 and whose other

components are 0. It follows that

Φk
pa | A, oq “

ż

MNLβ
pa | A, okq dµpβq

“

ż

MNLβkpa | A, oq dµpβq

“

ż

MNLβkpa | A, oq dµkpβkq,

where µk is the kth marginal of µ. Note that Φk inherits decomposability from Φ.

By Proposition 1, µk is a Dirac measure, since decomposability implies that Φk

exhibits zero correlation on product menus. Since each marginal of µ is a Dirac

measure, µ itself is a Dirac measure, i.e., Φ “ MNLβ for some β P Rn
ě0.

E Proof of Theorem 2

Proof. Recall that e denotes the identity element of pO, ˚q. For each element x P O
of the outcome space, fix a menu

pAx, oxq “

!ae
e

ax
x

)

that has two actions with outcomes e and x. Let px “ Φpax | Ax, oxq be the

probability that the action with outcome x is chosen in this menu.

Define the function u : O Ñ R by

upxq “ ln
px

1 ´ px
. (19)

Note that this logarithm is finite by the positivity of Φ.

We now demonstrate that u is a utility representation of O, i.e., that it satisfies

the generalized Cauchy equation upx ˚ yq “ upxq ` upyq for all x, y P O. Consider

a product menu

pB, oq “

´

pAx, oxq b pAy, oyq

¯

b pAx˚y, ox˚yq.

Recall that the associativity of ˚ is not assumed, so we must be careful about the

order of operations. The constructed product menu contains actions

b “
`

pae, aeq, ax˚y

˘

and b1
“
`

pax, ayq, ae
˘

.

Computing their outcomes, we get

opbq “ pe ˚ eq ˚ px ˚ yq “ x ˚ y and opb1
q “ px ˚ yq ˚ e “ x ˚ y,
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where we used the fact that e is both a left and a right identity. Since the outcomes

of b and b1 are the same, monotonicity of Φ implies

Φpb | B, oq “ Φpb1
| B, oq.

By decomposability of Φ, this identity can be rewritten as follows

p1 ´ pxq ¨ p1 ´ pyq ¨ px˚y “ px ¨ py ¨ p1 ´ px˚yq.

Taking the logarithm and using the definition of u, we obtain

upx ˚ yq “ upxq ` upyq

and conclude that u is a utility representation of O. We stress that the proof of

this fact uses neither associativity nor commutativity of ˚.

We now consider an arbitrary menu pA, oq and demonstrate that ΦpA, oq is

given by multinomial logit with the constructed utility function (11). Let a, b P A

be two distinct actions. We express the ratio Φpa | A, oq{Φpb | A, oq in terms of

the constructed utility representation u. Denote the outcomes by x “ opaq and

y “ opbq and consider a new menu
´

pAx, oxq b pA, oq

¯

b pAy, oyq.

The two actions
`

pae, aq, ay
˘

and
`

pax, bq, ae
˘

have equal outcomes. Indeed, pe ˚ xq ˚ y “ x ˚ y and px ˚ yq ˚ e “ x ˚ y by the

assumption that e is both a left and a right identity element. By monotonicity, Φ

assigns equal probabilities to these actions. Applying decomposability, we obtain

p1 ´ pxq ¨ Φpa | A, oq ¨ py “ px ¨ Φpb | A, oq ¨ p1 ´ pyq.

This equality can be rewritten as

Φpa | A, oq

Φpb | A, oq
“

px{p1 ´ pxq

py{p1 ´ pyq

and thus

Φpa | A, oq

Φpb | A, oq
“

exp
´

u
`

opaq
˘

¯

exp
´

u
`

opbq
˘

¯ .

Since a and b were arbitrary, and
ř

bPA Φpb | A, oq “ 1, we conclude that

Φpa | A, oq “

exp
´

u
`

opaq
˘

¯

ř

bPA exp
´

u
`

opbq
˘

¯ , (20)
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i.e., Φ is multinomial logit.

To verify that u is monotone, take x ĺ y and consider the binary menu with

outcomes x and y. By monotonicity of Φ, the action with outcome y is cho-

sen with probability at least as large as the action with outcome x. Using the

representation (20), this implies exppupyqq ě exppupxqq, and hence upyq ě upxq.

It remains to check the equivalence between the continuity of Φ and that of u. If

u : O Ñ R is a continuous utility representation, then Φ given by (20) is continuous

since the right-hand side of (20) is a continuous function of the profile of outcomes.

In the opposite direction, we suppose that Φ is continuous and show that upxnq Ñ

upxq for any sequence xn Ñ x in O. Fix a binary set of actions A “ ta, bu and

consider outcome functions on and o given by onpaq “ opaq “ x, onpbq “ xn, and

opbq “ x. Thus pA, onq converges to the menu with identical outcomes pA, oq. By

continuity, ΦpA, onq converges to the uniform distribution ΦpA, oq. By (20), we

get

exp
´

u
`

xn

˘

¯

exp
´

u
`

x
˘

¯ “
Φpb | A, onq

Φpa | A, onq
Ñ

Φpb | A, oq

Φpa | A, oq
“ 1

and so upxnq converges to upxq. Thus u is continuous.

F Restrictions of Monotonicity and IID

The family of random coefficients logit rules is parameterized by a probability mea-

sure, which is an infinite dimensional object. This gives this family considerable

flexibility to model a wide range of behavior. Nevertheless, knowing that a rule

belongs to this family imposes significant restrictions on the choice probabilities,

even within simple menus. As we discussed in §2.1, for the menu

pA, oq “

!a1
0

a2
2

a3
7

)

it holds for every random coefficients logit rule Φ that Φpa1 | A, oq “ 5% implies

that Φpa3 | A, oq ě 83.8%. Indeed, this lower bound of the choice probability of a3

turns out to be MNLβ
pa3 | A, oq for the β that satisfies MNLβ

pa1 | A, oq “ 5%. The

following proposition shows that this is a general property of random coefficients

logit rules for O “ R.

Proposition 6. Let A “ ta1, . . . , anu and opa1q ď opa2q ď ¨ ¨ ¨ ď opanq with at

least one strict inequality. Let β P R be the unique parameter satisfying MNLβ
pa1 |
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A, oq “ Φpa1 | A, oq. If Φ is a random coefficients logit rule, then Φpan | A, oq ě

MNLβ
pan | A, oq.

By a symmetric argument, we can get a lower bound on the probability of a1,

given the probability of an: if γ is such that MNLγ
pan | A, oq “ Φpan | A, oq, then

Φpa1 | A, oq ě MNLγ
pa1 | A, oq.

Proposition 6 highlights a property of random coefficients logit, independently

of our main results. But since our axioms imply random coefficients logit, it follows

from this proposition and our main results that every rule that satisfies our axioms

also satisfies this property. We do not know a direct proof of this.

Before proving this proposition we state and prove a lemma.

Lemma 4. Let Lpβq “ MNLβ
pa1 | A, oq and Hpβq “ MNLβ

pan | A, oq, where A “

ta1, . . . , anu and opa1q ď opa2q ď ¨ ¨ ¨ ď opanq, with at least one strict inequality.

Then ´H2

H 1 ď ´L2

L1 .

Proof. Because logit probabilities are invariant to adding a common constant to

all outcomes, assume without loss of generality that opa1q “ 0. Let oi denote opaiq,

and let dpβq “
ř

i e
βoi . Then 0 ď oi ď on for all i, with on ą 0, and

d1
pβq “

ÿ

i

oie
βoi ă on ¨ dpβq,

d2
pβq “

ÿ

i

o2i e
βoi ď on ¨ d1

pβq.

The derivatives of L are given by:

L1
“ ´

d1

d2
ą ´

on ¨ d

d2
“ ´on ¨ L

L2
“

2pd1q2 ´ d2 ¨ d

d3

Since o1 “ 0, we have H “ eβonL. Then

H 1
“ one

βonL ` eβonL1
“ eβonponL ` L1

q

H2
“ o2ne

βonL ` 2one
βonL1

` eβonL2.

Thus, we have:

H2

H 1
´

L2

L1
“

o2nL ` 2onL
1 ` L2

onL ` L1
´

L2

L1

“
o2nL ¨ L1 ` 2onpL1q2 ´ onL ¨ L2

L1ponL ` L1q
.
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Since L1 ă 0 and onL`L1 ą 0, the denominator of the above expression is negative.

Moreover the numerator simplifies to

onpd2 ´ ond
1q

d3
ď 0,

so the overall expression is non-negative, as desired.

Proof of Proposition 6. Consider A “ ta1, . . . , anu and outcomes opa1q ď opa2q ď

¨ ¨ ¨ ď opanq with at least one strict inequality. Without loss of generality, suppose

opa1q “ 0. Define dpβq “
ř

i e
β¨opaiq. Let Lpβq “ 1

dpβq
and Hpβq “ eβ¨opanq

dpβq
denote

the logit choice probabilities of the low and high alternatives, respectively, as a

function of β.

Denote p “ Φpa1 | A, oq. Since Lpβq “ 1{dpβq is strictly decreasing, the β

solving Lpβq “ p is uniquely pinned down by p. Let F pβq “ ´Lpβq, so that H

and F are increasing functions.

By Lemma 4,

´
H2

H 1
ď ´

L2

L1
“ ´

F 2

F 1
.

Hence, by Pratt (1964), F ˝ H´1 is increasing and concave, i.e., L ˝ H´1 is

decreasing and convex, and its inverse H ˝ L´1 is convex. Because Φ is random

coefficients logit, there is a probability measure µ such that Φpan | A, oq “
ş

H dµ

and p “
ş

L dµ. For such µ, we have

Φpan | A, oq “

ż

H dµ “

ż

H ˝ L´1
˝ L dµ ě H ˝ L´1

ˆ
ż

L dµ

˙

“ H ˝ L´1
ppq “ Hpβq “ MNLβ

pan | A, oq.

The inequality follows from Jensen’s inequality since H ˝ L´1 is convex.
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